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1 Introduction, Summary, and Omissions
String theory (see for example [158]) assumes that the elementary particles are one dimensional
extended objects rather than point like ones. String theory also comes equipped with a scale
associated, nowadays, with the Planck scale (10−33 cm). The standard model describing the
color and electro-weak interactions is based on the point particle notion and is successful at the
Fermi scale of about 100 Gev (10−16 cm) which is 10−17 smaller than the Planck scale.
The correspondence principle requires thus that string theory when applied to these low
energies resembles a point particle picture. In fact string theory has an interpretation in terms
of point-like field theory whose spectrum consists of an infinity of particles, all except a finite
number of which have a mass of the order of the Planck scale. Integrating out the massive
modes leads to an effective theory of the light particles.
There exists another class of theories whose spectrum consists as well of an infinite tower
of particles; this is the Kaluza-Klein type. In such a class of theories [182, 199, 12], gravity
is essentially the sole basic interaction, and space-time is assumed to have, in addition to four
macroscopic dimensions, extra microscopic dimensions, characterized by some small distance
scale. The standard model is assumed to be a low-energy effective action of the light particles
resulting from the purely gravitational higher dimensional system.
String theory can also be viewed in many cases as representing a space-time with extra
dimensions. Nevertheless, the effective low-energy theory, emerging from string theory, turns
out to be different from that resulting from a field theory with an infinite number of particles;
it possesses many more symmetries.
String theory shows also differences when physics is probed at a scale much smaller than the
Planck one. In fact, there are various hints that in string theory physics at a very small scale
cannot be distinguished from physics at a large scale. A very striking example of that feature
is that a string cannot tell if it is propagating on a space-time with one circular dimension of
radius R (a dimensionless number) times the Planck scale or 1/R the Planck scale (see figure
1.A). The discrete symmetry apparent in the example is termed target space duality. Moreover,
there are indications that string theory possesses an extremely large symmetry of that nature.
A study of that symmetry is the subject of the review.
The term duality has been used time and again in physics, always for very noble causes.
The duality between particle and wave was the precursor of quantum theory. In the Ising model
for magnets it was found that a spin system at temperature T has identical properties as the
same system at an inverse temperature, once an appropriate dictionary is used4. This property
4Notice that this temperature duality, outside the second-order phase-transition point, relates different non-
critical systems. These systems are not scale invariant. The duality we discuss in this review, instead, relates
critical systems.
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and its generalizations have been found in many more statistical mechanical systems, some of
them (such as lattice gauge theories) are of interest to particle physicists; it has led to the
notion of a disorder variable. In the presence of monopoles, the electromagnetic interactions
posses a duality allowing the exchange of the magnetic and the electric properties. This type
of duality is very explicit in certain supersymmetric systems. String theory evolved out of the
study of the dual description of two body interactions in terms of the direct channel (s-channel)
scattering and exchange process (such as t-channel). Many features of these various types of
duality appear as facets of the duality addressed in this review; none is identical to it.
The structure of the review is the following: Section 2 is of an introductory nature; the basic
tools and concepts are introduced in a simple setting. In the other sections they are applied in
more involved cases.
In section 2 we discuss the notion of a string background that is a an allowed space-time for
string propagation5. There are restrictions on those space-times as they need to obey various
constraints. In the early days, it was thought that as a consequence of such constraints the
bosonic string could only propagate in 26 dimensions while a superstring could only propagate
in 10 dimensions. Nowadays, one is aware of an infinite number of different solutions of these
constraints, however, their complete classification is not known. It is also not known if all such
solutions can be smoothly related or if they consist of disconnected islands (see figure 1.B).
In the same section we focus on a particular class of such solutions in which space-time is flat
but has a global structure, i.e., several of the dimensions are compactified on tori. In that sub-
space there are transformations relating the various solutions. Some of these transformations
turn out to be symmetries, that is they relate solutions which seem different in terms of the
data which classifies them, but actually describe the same physics; the R → 1/R duality is
one of them (see figure 1.C). We discuss the group structure of this symmetry of the toroidal
compactifications in detail. Moreover, we study relations between this symmetry group and
gauge symmetries. The large gauge group thus uncovered can be viewed as a broken version of
an even larger symmetry, offering a glimpse at the underlying symmetries of string theory.
An attempt to implement this symmetry on the low-energy effective theory indeed provides
an example of what this symmetry could be like. This symmetry needs to relate massless
and massive modes, as in string theory it turns out that the massive modes cannot really be
decoupled, and they eventually return. This is also worked out in section 2.
Having treated the case of flat compactifications and having introduced the key ideas, one
ventures into less chartered territory. In section 3 one discusses duality in models which seem
closer to phenomenology. The string is moving on allowed backgrounds which consist of a
special class of compact dimensions called Calabi-Yau spaces; such spaces manifest themselves
in space-time supersymmetric theories. In order to study such systems, it is useful to introduce
5Not all such backgrounds need to have a geometric description even classically.
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the notion of spaces of an orbifold nature. These are spaces which, in particular, contain conical
singularities. A compact dimension consisting a closed line including its two end points is the
simplest example of this nature; it is the Z2 orbifold of a circle, constructed by identifying a
point X on the circle with −X (see figure 1.D).
Point particle quantum mechanics senses the singular nature of these backgrounds, however,
string theory smoothens these singular effects, a very encouraging feature. In section 3, string
theory and duality on such objects are described. Another surprise of string theory is that in
some cases a string cannot distinguish if it is moving on an orbifold or on a circle (see figure
1.E).
The methods developed for orbifolds are applied in section 3 to discuss additional aspects of
the duality invariant low-energy effective action, as well as some aspects of duality on Calabi-Yau
manifolds. Moreover, in the same section one approaches phenomenology closer by studying the
string quantum corrections to the tree approximation, and the impact of the duality symmetry
on them.
In section 4, duality properties of curved space-times are discussed. For example, a string
cannot distinguish on which of the backgrounds displayed in figure 1.F it moves. The infinite
cigar in figure 1.F represents a Euclidean continuation of a two dimensional black hole. In order
to identify the manifolds related by duality symmetry, another method is explained in section 4.
While progress can be made even for curved backgrounds, some degree of symmetry is required
from the manifold in order to apply the method. The role of these extra symmetries is discussed,
and the method is then applied to various examples:
• Neutral and charged black objects (black holes, black p-branes) and other singular objects.
• Cosmological string backgrounds (expanding and contracting universes, in the presence of
matter).
This method leads to some surprising consequences:
• The interchange of singularities with horizons, and the removal of singularities in string
theory.
• A relation between neutral objects and charged objects.
• Topology change in string theory.
Moreover, it is shown in section 4 that a particularly interesting target space duality, termed
axial-vector duality, is related to gauge symmetries.
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Finally, in section 5, we discuss some interplay between the worldsheet and the target space.
In string theory, one is very careful to distinguish between the worldsheet and the target space.
In sections 2-4 a large discrete global symmetry emerged in many types of target spaces; this
symmetry bears quite some resemblance to global discrete symmetries on the worldsheet (called
“modular transformations”). In section 5 we discuss some mathematical facts which may suggest
that the worldsheet and the target space are not necessarily disjoint.
This concludes the introduction and summary of the review.
In the following we briefly discuss issues that shall not be reviewed extensively. Our choice
of not treating in depth these topics is due to the review dealing with aspects of duality either
more elementary or more closely related to the authors past work.
Readers less familiar with the subject may prefer to go first through the bulk of the review
before returning to the omissions:
• Mirror symmetry is a particular target space duality that interchanges two string back-
grounds corresponding, to leading order in α′, to compact Ka¨hler manifolds with vanishing
first Chern class. Such manifolds are called “Calabi-Yau” (CY). In compactifying the het-
erotic or supersymmetric strings to four dimensions one is typically interested in Calabi-
Yau manifolds with complex dimension d smaller than or equal to three. When d = 3
mirror symmetry is particularly interesting for various reasons. Firstly, it is a non-trivial
duality relating a pair of backgrounds with no continuous isometries (and vastly different
from each other). Secondly, it relates the complex-structure deformations of one CY back-
ground to the Ka¨hler-class deformations of its mirror partner. Therefore, this symmetry is
useful, for instance, for calculating worldsheet instanton corrections to Yukawa couplings
(simply by doing the calculation for the large radius limit of the mirror background).
Mirror symmetry deserves its own review. Therefore, we mention it only briefly when we
discuss a sub-class of dualities in CY backgrounds in section 3. This subject is discussed
extensively in the literature, for example, in [159, 41], and in [289].
For a complex torus, mirror symmetry is identical to what is called “factorized duality” in
this review. We may therefore extend the notion of mirror symmetry to the case of curved
background with toroidal isometries. The remarkable property that mirror symmetry
relates backgrounds with different topologies remains true in these cases as well.
Mirror transformation is just one element in the complete discrete symmetry group of
CY backgrounds. Generalized duality in such moduli spaces was studied in the context of
N = 2 Landau-Ginzburg (LG) theories. At the infra-red fixed point of the renormalization
group flow, and under certain condition on the superpotential, N = 2 LG models are
conjectured to be CFTs equivalent, in some sectors, to CY ground states [223, 276, 161,
214, 287]. By studying the deformation space of the superpotential, one is able to find a
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subgroup of the complete set of discrete symmetries [58, 212, 150, 67].
The rest of the symmetries can be found by studying the monodromy group associated
with the differential equation (of Picard-Fuchs type) which gives the periods of the three-
form Ω in terms of the complex-structure deformation moduli [41, 213, 37, 53, 70]. We
will briefly mention these techniques whenever discussing related topics.
• If one compactifies time as well, one finds new phenomena and new discrete (stringy)
symmetries, relating different backgrounds. For toroidal backgrounds, one finds that
there exist compactifications with large extended symmetries, typically associated with
Lorentzian lattice algebras [149, 230]. Furthermore, it was shown that in those cases
duality acts ergodically on the moduli space [230].
The particular element inverting the time-like compactification radius β is referred to as
“temperature duality.” Indeed, as it is well known in field theory, the analytical continu-
ation of a compact time yields a theory at finite temperature 2πT = 1/β. This β duality
was shown in ref. [5] to be an exact symmetry to all orders in string perturbation theory.
This duality implies that two Hagedorn-like phase transitions (see, for instance [249, 201])
exist, one at “low” temperature (β1 =
√
2 + 1 for the heterotic string), and the other at
“high” temperature (β2 =
√
2− 1) [15, 203].
The intermediate-temperature phase of the heterotic string was studied in ref. [11] by
generalizing to non-zero temperature the construction of a duality-invariant effective action
proposed in ref. [143, 144], and described in sections 2 and 3. In [11] it was claimed that the
phase of the heterotic string above the Hagedorn temperature corresponds to a non-critical
superstring in 7 + 1 dimensions.
• The emphasis of this review is on target space duality for the bosonic and heterotic strings.
Yet, there are some interesting dualities in other types of strings, which are less understood
but well worth mentioning. These dualities typically relate different string theories.
The first example is provided by the open-string duality. The open string does not have
winding modes, so the usual form of duality, relating strings compactified on a circle of
radius R with strings on a circle of radius 1/R, cannot hold in its usual form. Nevertheless,
it was claimed in the literature that some properties of the R → 1/R duality survive in
this case as well if, in addition, one interchanges the open-string boundary conditions, for
example, from Neumann to Dirichelet-like ones [69, 169, 156].
The second example of non-standard duality is provided by duality between type II strings.
In this case, there exists a map between the R→ 0 limit (in one compact-space direction)
of the type IIA string and the R → ∞ limit of the type IIB [69, 84]. Type IIA strings
are mapped into type IIB since the duality changes the GSO projection in the Ramond
sector [153]. Therefore, this duality bears some resemblance with a mirror transformation.
This map gives an equivalence between the two string theories, however, the corresponding
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discrete symmetry cannot be interpreted as spontaneously broken gauge symmetry, in the
way discussed in section 2.
• A formulation of the worldsheet action of the bosonic string, in which target space duality
is manifest, was proposed in ref. [270, 274]. This string action is based on two sets
of coordinates: the usual ones (X) and the “dual” coordinates (X˜). In this way the
O(d, d,Z) duality is a manifest symmetry of the worldsheet action. The price to be paid
is the loss of manifest 2-d covariance.
A doubling of space-time degrees of freedom in the low-energy effective action (vielbeins,
in this case) occurs also in ref. [263]. There, a manifestly O(d, d,R) form of the target-
space effective action was obtained, and O(d, d,R) was realized linearly, again at the price
of loosing manifest Lorentz invariance (this time in target space).
Similarly, the doubling of the dilaton + axion degrees of freedom was advocated in [252]
for the heterotic string. This doubling allows for the construction of a four-dimensional
low-energy effective action manifestly invariant under SL(2,R) transformations of the S
field. The SL(2,Z) subgroup of SL(2,R) has been conjectured to be an exact symmetry of
string theory in [115, 257]. This hypothetical exact symmetry, which includes in particular
a strong-weak coupling duality, was used in [115] as a means of fixing non-perturbatively
the VEV of the S field. Even here Lorentz invariance is non-manifest.
Besides the loss of manifest Lorentz invariance, in two last formulations, it is not yet
known how to extend the construction of these actions to a completely duality-invariant
effective action of the heterotic string. The missing ingredient is the knowledge of how
to include non-Abelian gauge fields. Only after coupling the theory to non-Abelian fields,
are the continuous symmetries of the previous formulations reduced to discrete (duality)
symmetries. This reduction from continuous O(6, 22,R) to discrete O(6, 22,Z) symmetries
was observed in the context of effective actions in ref. [143, 144], and will be discussed in
section 2.
• Target space dualities are also present in the space of topological backgrounds (see for
example [284, 82]). For the space of twisted N = 2 topological conformal field theories
it was found that the discrete symmetries are extended to continuous ones [152]. Mirror
symmetry in the space of such background was discussed in ref. [286]. The study of target
space duality in topological backgrounds is useful, for example, in calculating Yukawa
couplings [49, 151, 52, 286]. Moreover, a duality resembling a strong-weak coupling duality
has been observed in the moduli space of a particular topological background [93].
• The R → 1/R duality is also present when the worldsheet is discretized as it happens
in matrix models [262, 163]. This symmetry turns into the regular circle duality in the
continuum limit, where one recovers a string moving in one compactified space dimension.
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The one-loop partition function is proportional to R + 1/R [29, 248, 206], and therefore,
it is manifestly duality-invariant.
• In section 4 we discuss a general procedure for finding pairs of curved backgrounds related
by duality. This procedure applies whenever the backgrounds possess Abelian symme-
tries. In refs. [36, 118, 116, 72, 124, 148, 4] this procedure was extended to the case of
backgrounds possessing non-Abelian symmetries. Unlike the case of Abelian duality, here
one does not know yet how to deal properly with global issues.
• Finally, let us notice that target space duality can be related to the well-known electric-
magnetic duality of four-dimensional vector fields. In the context of field theory this
duality was studied in a general setting in ref. [121]. More precisely, the target space
duality acts on the kinetic term of the low-energy effective action as a particular discrete
subgroup of the electric-magnetic duality. This phenomenon can be extended to other
dimensions. Target space generalized dualities (as mirror symmetry) act on the kinetic
term of the effective action as dualities among forms. This phenomenon further justifies the
name of duality for the string target-space one since in several ways it is indistinguishable,
from the low-energy point of view, from the old form-duality. Duality among forms was
studied extensively in the literature, especially in the context of supersymmetric theories,
see for instance [60, 78, 269, 77, 28, 74, 75, 188, 47, 215, 175, 126, 245, 79]. Quantum
aspects of duality were studied, for instance, in [275, 76, 25, 91].
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2 Duality and Discrete Symmetries of the Moduli Space
of Toroidal Compactifications
2.1 Introduction: 2-d Conformal Field Theories as String Back-
grounds
String theories use as building blocks Conformal Field Theories (CFT) (for a review, see for
instance [158, 134]). In order to understand the symmetries of the string theories it is useful to
study several properties of CFTs and translate them to their string theory counterparts.
Assume one is given a certain Lagrangian, L, which is an exact CFT defined on a certain
two-dimensional manifold, Σ. The Lagrangian is exactly solvable, in particular, the Virasoro
central charge, c, the allowed states and the corresponding operators and their operator product
expansion (OPE) coefficients have been extracted. Given these data one wishes to investigate
if there exist other CFTs with the same value of c in the neighborhood of L. A neighborhood
is defined and constructed in the following manner. One considers the most general Lagrangian
L′
L′ = L+
∑
i
gifi(z, z¯), (2.1.1)
where fi(z, z¯) are the operators in the spectrum of the theory L and gi are appropriate coupling
constants. One searches perturbatively for those couplings, gi, which one can add to L such
that the modified L′ is also a CFT.
The spectrum of operators associated with L can be divided, using the classification of
statistical mechanics, into three groups:
a) Operators whose dimension is larger than 2, which are called “irrelevant operators.” Each of
them has the property that if one adds it to the Lagrangian with an appropriate coupling,
gi (which will have a negative mass dimension), and if one considers the flow of the initial
coupling gi, in the modified Lagrangian, L
′, one finds that gi decreases to zero in the
infrared limit (thus justifying its name).
b) Operators whose dimension is smaller than 2; these are termed “relevant operators.” Under
L′, gi (which now has positive mass dimensions) flows towards large values in the infrared
limit. If the theory is unitary it will flow to a theory with a smaller value of c [290].
c) Operators whose dimension is exactly 2. These are termed “marginal operators.” If L′ differs
from L just by the addition of these marginal operators, then L′ does not break classical
scale invariance explicitly, as the gi are dimensionless in this case. However, the gi may
change under renormalization; this causes the marginal operators to actually subdivide
into three classes:
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c1) Marginal operators whose couplings gi in the modified Lagrangian turn out to be infrared-
free on the worldsheet. Such operators effectively belong to the class (a) of irrelevant
operators. They differ from operators that are irrelevant at the classical level in that gi
decreases logarithmically and not power-like towards the infrared.
c2) Marginal operators whose couplings gi under the modified Lagrangian are asymptotically
free and thus increase logarithmically towards the infrared, causing an instability. This
turns the operators into relevant ones.
c3) Marginal operators whose addition to L does maintain the dimension of the coupling gi,
thus promoting L to a family of CFTs. These operators are called “truly marginal,” and
it is them who form a basis for a neighborhood of conformal field theories.
The space of different conformal theories in the neighborhood of the theory L is spanned
by the corresponding coupling constants gi. The number, N , of independent operators fi(z, z¯),
(i = 1, . . . , N), which can be added simultaneously to L, such that L′ is a CFT, counts the local
dimension of the space. In general this is a perturbative statement. In many cases the exact
form of the truly marginal operator, which started out as being described by fi(z, z¯), would
need to be modified so as to maintain L′ as a CFT for a finite value of gi.
The space of all CFTs connected to L by truly marginal deformations is called the “(con-
nected) moduli space” of L. Locally around L the moduli space reduces to the neighborhood
described above. The dimension N itself is a local concept as it may change for specific finite
values of gi.
Considering the local neighborhood, M, it turns out that in some cases one can span the
same space M by applying a certain continuous group G to L. Moreover, one finds that there
also exists a subgroup Gd of G which acts like a symmetry of the physical theory. Upon acting
with an element g of G, a theory L1 defined at one point in M is transformed into another
theory L2, corresponding to a different point in M (parameterized by different values of the
couplings gi). When g ∈ Gd, these two theories are actually physically equivalent. This identity
holds for all the orbits of M under Gd. The groups G and Gd depend on the particular nature
of M. A general classification is not yet available; we will discuss several cases in this report.
Let us now return to the language of string theory. The couplings gi correspond to allowed
target space backgrounds in which the string may propagate. For a bosonic string, the couplings
are usually collected into the background metric Gˆij(X), the antisymmetric-tensor Bˆij(X), and
the dilaton Φˆ(X). These couplings are in general X dependent, where X is a target space
coordinate. A typical worldsheet action S is of the form
S =
1
4πα′
∫ 2π
0
dσ
∫
dτ
[√
ggαβGˆij(X)∂αX
i∂βX
j + ǫαβBˆij(X)∂αX
i∂βX
j
−α
′
2
√
gΦˆ(X)R(2)
]
, (2.1.2)
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where gαβ is the worldsheet metric, g ≡ det gαβ, α′ is proportional to the inverse string tension
and R(2) is the worldsheet scalar curvature.
One may wish to recall that the ultimate purpose of the worldsheet action is to be used
in order to calculate the S-matrix for scattering in some target space. The scattering quanta
represent the fluctuations in some target theory around the classical values Gˆij, Bˆij and Φˆ
defined by
G˜ij(X) = Gˆij(X) + hij(X),
B˜ij(X) = Bˆij(X) + bij(X),
Φ˜(X) = Φˆ(X) + φ(X). (2.1.3)
The fluctuations hij , bij and φ describe the massless graviton, antisymmetric tensor and dilaton
in the target space. The existence of truly marginal operators on the worldsheet corresponds
to the existence of massless particles in the target space. Similarly, the target space tachyon
corresponds to a relevant worldsheet operator, and massive states in the target space correspond
to irrelevant operators from the CFT point of view. In string theory they are always dressed in
such a way as to be vertex operators whose dimension is (1, 1). The notation (dL, dR) means that
the left- (right-) handed conformal dimension of the operator is dL (dR). The right-handed and
left-handed dimensions are defined to be the scaling weights under the worldsheet coordinate
transformation: z¯ → λ¯z¯, z → λz.
In this section we discuss the groups G and Gd for the case in which the geometric picture
consists of a string moving on a background where d dimensions are compactified, and Gˆ, Bˆ,
Φˆ are X independent. These are termed “flat compactifications” or “toroidal backgrounds.” In
section 2.2 we first describe the d = 1 case, namely, a circle compactification, and we study
its one-loop partition function. In section 2.3 we present the higher-genus circle duality. The
general case for the bosonic and the heterotic strings is presented in sections 2.4 and 2.5. The
identification of the elements of Gd with target space dualities will allow us to interpret most
of the latter as residual broken gauge symmetries. This is discussed in section 2.6. Finally, in
sections 2.7 and 2.8 we present duality invariant effective field theories realizing this interpre-
tation.
2.2 R→ α′/R Duality in the One-Loop Partition Function
The simplest example of duality transformations [194, 247], and duality symmetry, is provided
by a single bosonic string coordinate compactified on a circle of radius R. We set the world-
sheet metric in (2.1.2) into an orthonormal form: gαβ(σ, τ) = ηαβ. (For the moment we have
suppressed any dependence of the worldsheet metric on the global structure of the worldsheet).
The worldsheet action is
S =
1
4πα′
∫
dτdσ∂αX∂
αX. (2.2.1)
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The compactification is defined by the period identification
X ≈ X + 2πRm, (2.2.2)
where m is an arbitrary integer.
Since X(σ, τ) satisfies a free wave equation, it admits a decomposition in terms of left- and
right-movers
X(σ, τ) = XR(σ − τ) +XL(σ + τ). (2.2.3)
These modes, upon the continuation τ → −iτ , become, respectively, the analytic and anti-
analytic string coordinates. They have the mode expansion
XR(σ − τ) = xR −
√
α′
2
pR(σ − τ) + i
√
α′
2
∑
l 6=0
1
l
αle
+il(σ−τ),
XL(σ + τ) = xL +
√
α′
2
pL(σ + τ) + i
√
α′
2
∑
l 6=0
1
l
α˜le
−il(σ+τ), (2.2.4)
where x = xL + xR, and the dimensionless quantities pL, pR read
pR =
1√
2
(
√
α′
R
n− R√
α′
m),
pL =
1√
2
(
√
α′
R
n+
R√
α′
m). (2.2.5)
The canonically conjugate momentum of X(σ) is
P (σ) =
1
2π
√
2α′

pL + pR +∑
l 6=0
αle
+il(σ−τ) +
∑
l 6=0
α˜le
−il(σ+τ)

 . (2.2.6)
The total momentum P =
∫ 2π
0 dσP (σ), canonically conjugate to xL + xR, is
P =
1√
2α′
(pL + pR). (2.2.7)
From eqs. (2.2.5, 2.2.6, 2.2.7) one derives the canonical commutation relations
[xL, pL] = [xR, pR] = i
√
α′
2
, [αm, αn] = [α˜m, α˜n] = mδm+n,0. (2.2.8)
The (normal ordered) Hamiltonian reads
H = L0L + L0R, (2.2.9)
where
L0R =
1
2
p2R +
∞∑
l=1
α−lαl,
L0L =
1
2
p2L +
∞∑
l=1
α˜−lα˜l. (2.2.10)
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Here L0L and L0R are separately conserved, due to conformal invariance, and are the zero modes
of, respectively, the left and right Virasoro operators [158].
Notice that L0L and L0R are invariant under the transformation
R√
α′
→
√
α′
R
, m↔ n. (2.2.11)
Under eq. (2.2.11) pR transforms into −pR, whereas pL is invariant. The oscillators αn, α˜n also
transform in a simple way under R/
√
α′ →√α′/R:
αn → −αn, α˜n → α˜n (2.2.12)
(so that (2.2.11) together with (2.2.12) implies X˙R → −X˙R, X˙L → X˙L).
Equations (2.2.11, 2.2.12) provide the simplest example of a Target Space Duality Symmetry.
This is a stringy property that does not exist in field theory. The difference between a point-
particle field theory and string theory may be understood by realizing that an extended object
– a string moving on a circle – can wrap around it. Its winding number m, i.e. the number
of times the string wraps around the circle, is an integer number. In order to wrap around
the circle the string must be stretched, so its energy increases with the winding number and
with the radius of the circle as m2R2. This contribution to the energy of the string is to be
added to the field-theoretical one, equal to the square of the center-of-mass momentum, which
is quantized in units of 1/R, and thus proportional to n2/R2. The total energy of the string
turns out to be invariant under the transformations (2.2.11, 2.2.12), which inverts the radius of
the circle, and interchanges winding numbers with momenta.
The one-loop partition function of the compactified bosonic string is
Z =
∫
Γ
d2τZˆ(τ, τ¯)
∑
pL,pR
Tr eiπτL0R−iπτ¯L0L . (2.2.13)
Here τ denotes the modular parameter describing conformally inequivalent tori, Γ is the funda-
mental region of the τ -plane under the action of the torus mapping class group SL(2,Z), and
Zˆ(τ, τ¯ ) is the contribution of all coordinates, other than our compactified X, to the partition
function. This partition function was first presented in [157]; for more details see e.g. ref. [158].
The trace in eq. (2.2.13) is taken over the Hilbert space spanned by the oscillators αl, α˜l. The
sum over pL, pR extends to all momenta of the form (2.2.5). Symmetry of the partition func-
tion under the target space duality (2.2.11) follows by noticing that the integers m and n of
eq. (2.2.5) are dummy variables in (2.2.13).
So far, we have proved that target space duality is a symmetry of the one-loop partition
function, that is of the (free) string spectrum. If symmetry (2.2.11) extends to the higher-genus
contribution to the partition function as well, i.e. to the interacting string, we may claim
that a small compactification radius (R/
√
α′ ≪ 1) is completely equivalent to a very large one
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(
√
α′/R ≪ 1). This statement, pointing out to the existence of a minimal length in string
theory, will be proven in the next section.
To make contact with the expression for the worldsheet action in eq. (2.1.2) it is useful to
rescale the coordinate X to RX. The new coordinate is dimensionless and has periodicity 2π
(X ≈ X + 2πm). Now, the action in (2.2.1) reads as in eq. (2.1.2)
1
4πα′
∫ 2π
0
dσ
∫
dτGˆ11∂αX∂
αX, (2.2.14)
with the dimensionful metric Gˆ11 = R
2. Furthermore, since duality involves explicitly the
parameter α′ it is convenient to define a dimensionless metric G11 = Gˆ11/α′. In the same way
we redefine R to be the dimensionless radius, namely
R√
α′
→ R. (2.2.15)
The new metric and radius transform in a simple way under duality:
G11 → 1
G11
, R→ 1
R
. (2.2.16)
2.3 Duality in the Higher Genus Partition Function
String theory involves a summation over worldsheets of all genera. For target space duality to
be a symmetry of string theory (at least in perturbation theory) it should be a symmetry on
each genus g. In this section we discuss this issue. We work with the dimensionless coordinate
X whose periodicity is 2π, and with the dimensionless compactification radius R.
In order to study duality on higher-genus Riemann surfaces, it is convenient to revert from
the Hamiltonian representation of the partition function, used in the previous section, to its
functional integral representation. The partition function on a genus g Riemann surface Mg
reads, upon analytical continuation τ → −iτ [158],
Zg =
∫
[dgαβdXdXˆ]e
−R2
4pi
∫
Mg
dτdσ
√
ggαβ∂αX∂βX−
∫
Mg
dτdσLˆ
. (2.3.1)
The integral is extended to all two dimensional metrics gαβ compatible with the topology ofMg.
The string coordinates have been split into X, and “the rest” Xˆ, with Lagrangian Lˆ.
The compactification of X is defined by generalizing to a genus g surface the period identi-
fication (2.2.2) ∫
ai
dX = 2πmi,
∫
bi
dX = 2πni (2.3.2)
The ai and bi are the canonical homology cycles of the surface Mg; they are shown in figure
2.A. The label i takes the values 1, ..., g [101]. We denote with ωi the standard basis of closed
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holomorphic (1,0)-forms spanning H(1,0)(Mg,Z), and obeying [101, 8]∫
ai
ωj = δij ,
∫
bi
ωj = τij = τ1 ij + iτ2 ij . (2.3.3)
The period matrix τij is symmetric, of dimension g×g, and it is a function of the 3g−3 modular
parameters of Mg [101, 8]. The most general field X satisfying eqs. (2.3.2) reads [8]
X(z, z¯) = X(z) + X¯(z¯)+
o
X (z, z¯). (2.3.4)
The field
o
X is an arbitrary scalar field globally defined on Mg, whereas X(z) is a holomorphic
solution of the classical equations of motion
X(z) = 2π
g∑
j=1
∫ z
z0
mjωj + niτijωj. (2.3.5)
The coefficients mi and ni are those of eq. (2.3.2) and the integral is performed on an arbitrary
path joining a fixed reference point z0 with z. Equation (2.3.5) is independent of the path
because the forms ωi are closed.
By a standard choice of the gauge fixing of the general coordinate and conformal invariances,
and by choosing the appropriate two-dimensional metric gαβ [158, 8] the genus g partition
function reads
Zg =
∫
Mg
dmD(m)R
∑
mi,ni
e−πR
2(m+nτ)tτ−12 (m+nτ). (2.3.6)
The integral in this equation is performed over the moduli spaceMg ofMg, and the sum extends
to all integer mi, ni. We denoted by D(m) all contributions to the partition function which are
independent of R and mi, ni. Boldface characters denote g-dimensional row vectors. The factor
R in front of the sum is due to the X zero mode.
The sum in Zg can be rewritten in a more compact form by performing a Poisson resumma-
tion on n (see for example [258])
∑
mi,ni
e−πR
2(m+nτ)tτ−12 (m+nτ) = R−g det τ2
∑
(m,k)∈Z2g
eiπ(pRτpR−pL τ¯pL), (2.3.7)
where
pR =
1√
2
(
1
R
k− Rm),
pL =
1√
2
(
1
R
k+Rm). (2.3.8)
By sending R→ 1/R and k↔m, and noticing that, as in the previous section, the integers
k and m are dummy variables, we find
Zg
(
1
R
)
= R2g−2Zg(R). (2.3.9)
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The complete partition function of the string is
Z(Φ, R) =
∞∑
g=0
e(1−g)ΦZg(R), (2.3.10)
and Φ is the (constant) dilaton (see eq. (2.1.2)). Equation (2.3.9) implies therefore [34, 136]
Z
(
Φ+ 2 logR,
1
R
)
= Z(Φ, R). (2.3.11)
Equation (2.3.11) is the generalization to all genera of the result obtained in the previous section.
In contrast to the one-loop case, here the dilaton VEV Φ appears explicitly. The equivalence
of two seemingly different partition functions proven here is rather formal, since Z(Φ, R) is ill-
defined, due to the tachyon divergence. This difficulty however is not present in the interesting
case of the heterotic string, which is still duality invariant, as we shall prove later. The conclusion
we reach thanks to eq. (2.3.11) is therefore meaningful, and it refines the statement made at
the end of the previous section, namely: a compactification of small radius is equivalent to one
of large radius, provided we also change the dilaton VEV according to Φ→ Φ + 2 logR.
2.4 O(d, d,Z) Duality for d-Dimensional Toroidal Compactifications
The worldsheet action describing a toroidal background is (for a review, see [158])
S =
1
4π
∫ 2π
0
dσ
∫
dτ
[√
ggαβGij∂αX
i∂βX
j + ǫαβBij∂αX
i∂βX
j
−1
2
√
gΦR(2)
]
. (2.4.1)
Here X i are dimensionless coordinates whose periodicities are 2π,6 namely
X i ≈ X i + 2πmi. (2.4.2)
The metric and antisymmetric tensor Gij, Bij, i, j = 1, ..., d, are the dimensionless ones, defined
as in the end of section 2.2. The simplest case where d = 1 was already discussed in sections
2.2, 2.3. In string theory the total Virasoro central charge should vanish. For the usual bosonic
string the matter accounts for 26 units of c. The action above describes only the d compactified
coordinates, and therefore, its central charge is c = d. In general, the model S (2.4.1) is tensored
with some other CFT, for example, a string moving in a (26 − d)-dimensional flat Minkowski
space, such that the total value of c is indeed 26. Till further notice we will concentrate only
on the internal sector described by (2.4.1).
The number of independent truly marginal operators for a generic d-dimensional background
is d2. This is an exact result as the model is Gaussian. The d2 marginal operators are composed
of the d(d+ 1)/2 operators √
ggαβ∂αX
i∂βX
j, (2.4.3)
6 The geometrical data of the torus, in the presence of torsion, is encoded in Gij and Bij .
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and the d(d− 1)/2 operators
ǫαβ∂αX
i∂βX
j, (2.4.4)
with the corresponding symmetric couplings Gij and antisymmetric couplings Bij, all in all d
2
couplings and operators. We disregard for a while the dilaton operator and coupling.
The d2 couplings are the data describing the CFT; they are organized in the form (G,B).
We will occasionally find it convenient to arrange the data in a matrix E whose symmetric part
is G and whose antisymmetric part is B,
E = G+B. (2.4.5)
We call E the “background matrix.”
We first solve for the spectrum of the theory (2.4.1). This is done by performing a canonical
quantization on the worldsheet. Since we are studying theories with no Weyl anomaly (as it
happens for strings at criticality) we can set the worldsheet metric into a diagonal orthonormal
form
gαβ(σ, τ) = ηαβ. (2.4.6)
(For the moment we have suppressed any dependence of the worldsheet metric on the global
structure of the worldsheet).
The canonical momentum Pi associated with X
i is given by
2πPi = GijX˙
j +BijX
j ′ = pi + oscillators, (2.4.7)
where pi is the string center of mass momentum. Since the coordinates X
i have periodicities
2π, it follows that the momenta pi is quantized in integer units
pi = ni. (2.4.8)
The Hamiltonian and momentum constraints take the form:
H = L0L ++L0R
=
1
4π
∫ 2π
0
dσ
[
(2π)2(PiG
ijPj) +X
i′(G− BG−1B)ijXj ′ + 4πX i′BikGkjPj
]
=
1
4π
∫ 2π
0
dσ(P 2L + P
2
R),
PLa = [2πPi + (G− B)ijXj ′]e∗ia , PRa = [2πPi − (G+B)ijXj ′]e∗ia ,∫ 2π
0
dσPX ′ = L0L − L0R = 0 (2.4.9)
Here e and e∗ are defined by
d∑
a=1
eai e
a
j = 2Gij ,
d∑
a=1
eai e
∗j
a = δ
j
i ,
d∑
a=1
e∗ia e
∗j
a =
1
2
(G−1)ij . (2.4.10)
19
The vectors ei are a basis to the compactification lattice Λ
d, such that the target space d-torus
is T d = Rd/πΛd; the vectors e∗i are a basis to the dual lattice Λd∗. The indices a, b label an
orthonormal basis to the target space.
We deduce from eqs. (2.4.9) that PL and PR, even in the presence of the backgrounds, still
decouple and that they describe left- and right-movers, respectively. The model is indeed Gaus-
sian for all flat data E; this is instrumental in obtaining exact results. Now, the Hamiltonian H
consists of a zero mode part (for which we retain the notation H), and the part describing the
oscillators. These oscillators – of each coordinate – transform similar to (2.2.12) under duality,
in a way that does not change the spectrum (as shown at the end of this subsection). We thus
first discuss only the zero mode part, whose Hamiltonian reads
H = L0L + L0R =
1
2
(p2L + p
2
R) =
=
1
2
[
ni(G
−1)ijnj +m
i(G− BG−1B)ijmj + 2miBik(G−1)kjnj
]
.
(2.4.11)
The integers ni are the momentum eigenvalues defined in eq. (2.4.8) and m
i are the so called
winding modes defined in eq (2.4.2). The zero-modes pL, pR are given by
pR = [n
t +mt(B −G)]e∗,
pL = [n
t +mt(B +G)]e∗. (2.4.12)
Here, for simplicity, we suppressed all vector and matrix indices for all quantities involved. Note
that by eq. (2.4.7) one obtains that a state with a non-zero winding number but no explicit
time dependence still carries momentum. This phenomenon was detected first in the context
of 4-dimensional gauge theories [281]; it was shown that a monopole in the presence of a theta
term obtains electric charge. This was studied in various four- and two-dimensional systems
[45, 44]. The B field plays a role very similar to that of a theta term as we shall see.
The Hamiltonian can be defined for closed worldsheets with genus 0 or 1. Given the Hamil-
tonian and its spectrum, the next task is to identify the group generating the moduli space of
the whole set of Lagrangians [236, 238], and the subgroup Gd which maintains the physics of the
models [234, 81, 146, 260, 140]. The moduli space for toroidal compactifications is isomorphic
to O(d, d,R)/(O(d,R)× O(d,R)) [236, 238], where O(d, d,R) is the non-compact orthogonal
group in d+ d dimensions. A convenient way of representing the elements g ∈ O(d, d,R) is
g =
(
a b
c d
)
, (2.4.13)
where a, b, c, d are d× d matrices, and such that g preserves the form J
J =
(
O I
I O
)
, (2.4.14)
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namely,
gtJg = J ⇒ atc+ cta = 0, btd+ dtb = 0, atd+ ctb = I. (2.4.15)
(A useful consequence of the above condition is that if g ∈ O(d, d,R), then gt ∈ O(d, d,R). This
is proven as follows: begin with gtJg = J , and take the inverse of both sides. Using J−1 = J ,
one finds g−1J(gt)−1 = J . Multiplying from the left by g and from the right by gt one finds
J = gJgt,
which shows that gt ∈ O(d, d,R)).
The (d, d) Lorentzian momenta (pLa, pRb) in (2.4.12) form an even self-dual Lorentzian lattice
Γ(d,d) [236], namely, the Lorentzian length is even
p2L − p2R = 2mini ∈ 2Z, (2.4.16)
and the Lorentzian lattice is self-dual. It is known [258] that all even self-dual (d, d) Lorentzian
lattices are related by O(d, d,R) rotations. Obviously, any O(d, d,R) rotation of Γ(d,d) gives back
an even self-dual Lorentzian lattice. Moreover, to any Γ(d,d) corresponds a particular toroidal
background. The Euclidean lengths p2L+ p
2
R in two lattices related by an O(d, d,R) rotation are
generally different, and give rise to different spectra.
As (pL, pR) transform as vectors under O(d, d,R), the Hamiltonian (2.4.11) is invariant under
rotations by the maximal compact subgroup O(d,R)× O(d,R). Therefore, these rotations do
not change the zero-mode spectrum. Thus, the solution-generating group G is O(d, d,R), and
the moduli space is locally isomorphic to the coset manifold O(d, d,R)/(O(d,R)×O(d,R)).
Recall that the momenta pL and pR are specified by the background matrix E. Therefore, the
way the solution-generating group G acts on E is defined by its action on the vectors (pL, pR).
The spectrum is expressed by (pL, pR) or, equivalently, by the bilinear form defined by the
2d× 2d matrix M [146]
M(E) =
(
G−BG−1B BG−1
−G−1B G−1
)
. (2.4.17)
The spectrum of the system as obtained in eq. (2.4.11) is given by the scalar
H =
1
2
(p2L + p
2
R) =
1
2
ZtMZ, Z = (ma, nb). (2.4.18)
Here Z is the vector of integers counting the winding number and the number of momentum
quanta, corresponding to (pL, pR). Under the O(d, d,R) transformation g, given in eq. (2.4.13),
the matrix M transforms as
Mg ≡ gMgt. (2.4.19)
21
To find the corresponding transformation of the background matrix E, it is convenient to
first embed the O(d, d,R)/(O(d,R)×O(d,R)) moduli elements E = G+B in O(d, d,R). This
is done by looking at the O(d, d,R) element
gE=G+B =
(
e B(et)−1
0 (et)−1
)
, (2.4.20)
where the vielbein e is defined such that G = eet. Next, we define the action of g ∈ O(d, d,R)
(2.4.13) on a d× d matrix F by the fractional linear transformation
g(F ) ≡ (aF + b)(cF + d)−1. (2.4.21)
It now follows that
gE(I) = E = G+B. (2.4.22)
Here I is the d-dimensional identity matrix. Moreover, one finds
M = gEg
t
E. (2.4.23)
From eqs. (2.4.19, 2.4.21, 2.4.22, 2.4.23) it follows that
M ′ =M(E ′) ≡Mg = gMgt = ggEgtEgt = gE′gtE′ ⇒ gE′ = ggE,
and as
E ′ = gE′(I) = ggE(I) = g(E),
one finally finds that the O(d, d,R) transformation properties of the data E read [146, 260, 140,
141]:
E ′ ≡ g(E) = (aE + b)(cE + d)−1. (2.4.24)
(It is easy to verify that this action is consistent with the group property: g(g′(E)) = (gg′)(E).)
Now that we know how G = O(d, d,R) sweeps the full moduli space of toroidal backgrounds,
we may try to detect if in the process there still remains some symmetry group Gd. A necessary
condition for a group element to belong to Gd is that it leaves the spectrum of S invariant. It
is allowed to change each state separately but the total spectrum should remain unchanged.
The group element should act like an automorphism on the space of states. However, more
is required in order to prove that both theories are equivalent: one ought to show that all
correlation functions in one theory can be mapped into identical correlation functions in the
other theory. In this section we will discuss only the above mentioned necessary condition on
the spectrum, and in section 2.6 we will show that there exists a gauge symmetry relating the
different points connected by the symmetry group Gd. This will guarantee the equivalence of
the theories.
Returning to the spectrum, there are two types of symmetry operators one can identify
explicitly [146, 260]:
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1. Integer theta-parameter shift Θij ∈ Θ(Z):
One can add to the antisymmetric matrix Bij an antisymmetric integral matrix Θij(Z)
(that is a matrix composed of integer numbers) without changing the physics. In other
words, one can act with the O(d, d,R) elements of the type
gΘ =
(
I Θ
0 I
)
, (2.4.25)
where Θij ∈ Z and Θji = −Θij . Indeed this element not only belongs to O(d, d,R) but
to its discrete subgroup O(d, d,Z), made of the elements g with integer entries.
In a way, the fact that Θ(Z) are symmetries of the spectrum is evident from the role of B
as a theta parameter: the constant B-term in S is a total derivative, and therefore, gives
only topological contributions. For an integer Θ-shift the action is changed by an integer
multiple of 2π, and therefore, does not contribute to the path integral.
2. Basis change A ∈ GL(d,Z):
One can conjugate E by E ′ = AEAt, where A describes a basis change of the compacti-
fication lattice Λ. This can be done by acting on E as in eq. (2.4.24) with the O(d, d,Z)
elements
gA =
(
A 0
0 (At)−1
)
, (2.4.26)
where A ∈ GL(d,Z). (For example, some of these operations result in permuting the
space-time dimensions and thus they do not change the physics.)
Explicitly, the invariance of the spectrum can be shown by considering the new bilinear
form
ZtM ′Z = nt(A−1)tG−1A−1n−mtA(G−BG−1B)Atm
−2nt(A−1)t(G−1B)Atm. (2.4.27)
The original form,
ZtMZ = ntG−1n−mt(G− BG−1B)m− 2ntG−1Bm, (2.4.28)
is obtained by redefining m′ = Atm, n′ = A−1n, which is an allowed transformation.
In addition to Θ(Z) and GL(d,Z) in (1),(2) there is a less obvious element of O(d, d,Z)
which is a symmetry of the spectrum [146, 260, 140, 141]:
3. Factorized duality Di:
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gDi =
(
I − ei ei
ei I − ei
)
. (2.4.29)
Here ei is zero, except for the ii component which is 1, and I is a d-dimensional identity
matrix. It can be shown straightforwardly that this transformation leaves the partition
function invariant as well.
Factorized duality is a generalization of the R → 1/R circle duality in the X i direction.
Explicitly, Di takes Ri → 1Ri if the d-dimensional background is a direct product of a
Ri-radius circle and a (d− 1)-dimensional background, leaving the latter unchanged.
It turns out that the elements in (1),(2) and (3) generate the discrete group O(d, d,Z)
[146, 260, 140, 141]. An additional symmetry is the worldsheet parity σ → −σ which acts on
the background by B → −B [141]. It is not included in O(d, d,Z) since it interchanges pL with
pR, and thus flips the sign of the Lorentzian norm p
2
R− p2L. This completes the identification of
the symmetry group Gd.
To discuss the transformation of the oscillators in (2.4.7) under O(d, d,Z) we have to define
the mode expansion of coordinates and conjugate momenta:
X i(σ, τ) = xi +miσ + τGij(pj − Bjkmk) + i√
2
∑
n 6=0
1
n
[αin(E)e
−in(τ−σ) + α˜in(E)e
−in(τ+σ)],
2πPi(σ, τ) = pi +
1√
2
∑
n 6=0
[Etijα
j
n(E)e
−in(τ−σ) + Eijα˜
j
n(E)e
−in(τ+σ)]. (2.4.30)
Let us recall that the periodicity of the coordinates xi is 2π and both the winding number m
and the oscillator number n are integers.
The commutation relations of αin(E), α˜
i
n(E), x
i and pi are found by expanding the equal-time
canonical commutation relations
[X i(σ, 0), Pj(σ
′, 0)] = iδijδ(σ − σ′). (2.4.31)
The non-zero ones are
[xi, pj] = iδ
i
j ,
[αin(E), α
j
m(E)] = [α˜
i
n(E), α˜
j
m(E)] = mG
ijδm+n,0. (2.4.32)
Here the oscillators and their commutation relations are background-dependent since we fixed
the periodicity of the coordinates to be 2π.
By inserting the mode expansion of X and P into eq. (2.4.9), and after integration and
normal ordering, one finds that the complete Hamiltonian (zero modes plus the oscillator con-
tribution) is:
H =
1
2
ZtM(E)Z +N + N˜ . (2.4.33)
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Z and M were defined in eqs. (2.4.17) and (2.4.18), and the number operators are
N =
∑
n>0
αi−n(E)Gijα
j
n(E), N˜ =
∑
n>0
α˜i−n(E)Gijα˜
j
n(E). (2.4.34)
The transformation of the background matrix E under duality was given in eq. (2.4.24). A
pair of useful relations between the original metric G and the dual metric G′ is:
(d+ cE)tG′(d+ cE) = G, (d− cEt)tG′(d− cEt) = G. (2.4.35)
The first relation is derived by writing G′ = (E ′+(E ′)t)/2, and using the expression for E ′ from
eq. (2.4.24) to evaluate the left hand side. The second relation can be derived by first writing
the analog of eq. (2.4.24) for (E ′)t, and then expressing G′ in terms of this (E ′)t. Since duality
is a symmetry of the string, it has to act as a canonical transformation on all the oscillators;
that is, it has to preserve the commutation relations (2.4.31). This fact, together with the mode
expansion (2.4.30) uniquely fixes the action of duality on the oscillators αin, α˜
i
n. With the help
of the relations (2.4.35), one finds that the transformations of the oscillators read [204]
αn(E)→ (d− cEt)−1αn(E ′), α˜n(E)→ (d+ cE)−1α˜n(E ′). (2.4.36)
The number operators in the Hamiltonian (2.4.34) are manifestly invariant under (2.4.36), to-
gether with G→ G′ as given in (2.4.35), and therefore, we conclude that the entire spectrum is
O(d, d,Z)-invariant.
Finally, under worldsheet parity (B → −B) the left-handed oscillators are interchanged with
the right-handed ones:
worldsheet parity : αn ↔ α˜n. (2.4.37)
The spectrum is manifestly invariant under this transformation.
Now, that we have specified how both the zero modes and oscillators transform under duality,
one can deduce the transformation of states, O|pL, pR〉. (HereO is a polynomial in the oscillators,
and |pL, pR〉 is the state corresponding to the operator exp(ipLXL(z¯) + ipRXR(z)).)
2.4.1 Generators of O(d, d,Z) and E → 1/E Duality
We now discuss a particular element of O(d, d,Z) which is an analog in d-dimensions to the
R→ 1/R circle duality. It is given by the inversion of the background matrix E [146, 260]
E = G+B → E ′ = G′ +B′ = E−1. (2.4.38)
Here G′ and B′ are the symmetric and antisymmetric parts of E ′. From eq. (2.4.38) it follows
that the metric and the antisymmetric tensor transform as
G → G′ = (G− BG−1B)−1, B → B′ = (B −GB−1G)−1,
G−1B → −BG−1. (2.4.39)
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Here G′ (B′) maintains the symmetry (antisymmetry) ofG (B). The form for B′ in this equation
assumes that B is invertible (it is possible to write B′(G,B) in a non-singular form even when
B has zero eigenvalues).
Under the transformation (2.4.39) together with interchanging winding modes with momenta
(n ↔ m) the Hamiltonian in (2.4.11) is manifestly invariant, and therefore, the spectrum as
well. Moreover, from the expression for H in eqs. (2.4.9) it follows that E → 1/E interchanges
(2πα′)P ↔ X ′. Another way to argue that the interchange of P with X ′ is a symmetry is to
notice that there exists a canonical transformation doing precisely that [146]. It is defined by
the generating function of the old and new coordinates (the latter are denoted by a tilde):
F = − 1
2πα′
∫ 2π
0
X ′(σ)X˜(σ)dσ,
P (σ) = δF/δX(σ) =
1
2πα′
X˜ ′(σ),
P˜ (σ) = −δF/δX˜(σ) = 1
2πα′
X ′(σ). (2.4.40)
Note that the canonical transformation (2.4.40) is equivalent to the simple change of back-
grounds (2.4.38), (2.4.39) when these are constant.
In the absence of torsion (B = 0) one obtains the transformation
G→ G−1. (2.4.41)
Recall that, by our starting point (2.1.2):
Gij = (α
′)−1Gˆij . (2.4.42)
Here we have inserted back α′, so Gˆij is the conventional (dimensionful) metric and (α′)1/2 is
the string length parameter. We see that the transformation (2.4.41) corresponds to either α′ →
(detG)2(α′)−1 at fixed G or, more conventionally, to Gˆ → α′Gˆ−1 at fixed α′. Conventionally,
one says that the theory is invariant under a change in Gˆ (at fixed α′).
Duality can be given [146] a somewhat different meaning, which we illustrate in the case of
d = 1, i.e. one compact dimension (discussed in section 2.2). Indeed, one may say that, given
a string moving on a circle of radius R, the theory has to decide what is the best value of the
“quantum” length (α′)1/2. Such a choice has an intrinsic Z2 ambiguity given by eq. (2.4.41). If
the value α′ = R2 is (is not) picked up the “vacuum” does not (does) break spontaneously Z2.
It is known that, when the symmetric point is picked up, an enlarged gauge symmetry also
follows corresponding to a level one SU(2)L × SU(2)R representation of the affine algebra (for
a review, see for example [134]). Thus a Z2 preserving vacuum appears to preserve enlarged
gauge symmetries as well.
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The duality operator that inverts the background matrix E corresponds to the O(d, d,Z)
element
gD =
(
O I
I O
)
. (2.4.43)
As explained before, the oscillators of X also transform under O(d, d,Z) and, in particular,
under the inversion duality gD; in that case, their transformation is given by eq. (2.4.36) with
d = 0 and c = I. For example, at the self-dual point E = I, one finds αn → −αn, α˜n → α˜n.
We now consider some examples. In the c = d = 1 case only the duality transformation gD
is available. The group O(1, 1,Z) consists of two elements7, only one of which acts non-trivially
on the compactification radius: (
0 1
1 0
)
. (2.4.44)
The fractional linear transformation on G11 leads to
G′11 =
1
G11
. (2.4.45)
In this case, the manifoldM defined in section 2.1 is shown in figure 1.C. The groups G and Gd
defined there are O(1, 1,R) and O(1, 1,Z), respectively.
In the c = d = 2 case, corresponding to two compactified dimensions, the factorized dualities,
D1 and D2 (2.4.29) are represented by:
gD1 =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

 ; gD2 =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 . (2.4.46)
When the torus is a direct product of two circles (G12 = B12 = 0) D1 and D2 correspond to
R1 → 1/R1 with R2 fixed, and R1 fixed while R2 → 1/R2, respectively.
The generator Θ12 which causes the shift of the B12 field is represented by:
gΘ12 =
(
I Θ
0 I
)
; Θ =
(
0 1
−1 0
)
(2.4.47)
The group GL(2,Z) is generated by three symmetries:
a) The permutation symmetry P12 giving rise to the element:
gP12 =
(
P12 0
0 P12
)
, P12 =
(
0 1
1 0
)
. (2.4.48)
7 Actually, O(1, 1,Z) has four elements, but minus the identity acts trivially as a fractional linear transfor-
mation. In general, whenever we discuss O(d, d,Z) we actually mean the projective group PO(d, d,Z).
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b) The reflections on each space component i, Ri, given by:
gR1 =
(
R1 0
0 R1
)
, R1 =
( −1 0
0 1
)
,
gR2 =
(
R2 0
0 R2
)
, R2 =
(
1 0
0 −1
)
. (2.4.49)
Obviously, one can get R2 from R1 by a permutation: R2 = P12R1P12.
c) The transformation T12 of the form:
gT12 =
(
T12 0
0 (T t12)
−1
)
, T12 =
(
1 1
0 1
)
. (2.4.50)
The generators P12, T12, R1 generate GL(2,Z). Its subgroup SL(2,Z) is generated by T12
and the symmetry S12 = R1P12. The labels S and T are supposed to recall the standard
SL(2,Z) generators.
The previous examples are useful in analyzing the general case [141]. In the general c = d
case the group O(d, d,Z) is generated by permutations Pij, reflections Ri, the symmetries Tij and
Θij , and the factorized dualities Di, i, j = 1, ..., d. In the d = 2 case the proof will be obtained
in subsection 2.4.2 by referring to well known properties of the modular group SL(2,Z); in
the general case, this can be obtained [141] by straightforward, but rather tedious, algebraic
manipulations.
Actually, it is enough to consider a single reflection and a single factorized duality, say R1
and D1, and a single transformation of the type T , and a single Θ, say T12 and Θ12. The
other elements can be obtained by repeated application of the previous ones, together with
permutations, Pij , i, j = 1, ..., d.
We recall that we have shown the symmetry to occur for the partition function on the
worldsheet torus. We will see in section 5 that it occurs for any worldsheet Riemann surface.
The moduli space of allowed backgrounds has, therefore, a large degree of symmetry. String
theories having a different description in terms of the conventional target space metric and
torsion are actually physically identical. From a string theory point of view the target space
description has fundamental domains. Moreover, these fundamental domains have an orbifold
structure due to the occurrences of fixed points, that is there exist points in moduli space which
are fixed under the symmetry group. It will turn out that these fixed points play an important
role in the identification of the gauge symmetry inherent in the duality transformations. We
thus turn to study some properties of these fixed points.
For the c = 1 compactification moduli space, as mentioned before, the fixed point in the
moduli space of circle compactifications coincides with the appearance of enhanced gauge sym-
metries SU(2)L × SU(2)R.
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For the more general case, the duality transformation E → E−1 still has strictly speaking a
single fixed point given by
G = I, B = 0, (2.4.51)
which is the unique solution to the equation (G + B)2 = I when G is positive definite. At
the single fixed point the string forms a level-one representation of the affine algebra SU(2)dL×
SU(2)dR.
Let us consider now the slightly more general example of fixed points of inversion duality,
E → E−1, modulo SL(d,Z) and Θ(Z) transformations:
E−1 = M t(E +Θ)M, M ∈ SL(d,Z), Θ ∈ Θ(Z). (2.4.52)
It turns out that any background with a maximally enhanced symmetry falls into this category
[146]. (By “maximal,” we mean an enhanced semi-simple and simply-laced symmetry group of
rank d corresponding to a level 1 affine Lie algebra). In those cases the background is [94]
Eij = Cij, i > j, Eii =
1
2
Cii, Eij = 0, i < j, (2.4.53)
where Cij is the Cartan matrix. Thus,
E, E−1 ∈ SL(d,Z), (2.4.54)
andM = E−1, Θ = Et−E (i.e., Θij = −Cij , i > j, Θij = Cij , i < j, Θii = 0) solve eq. (2.4.52).
This fact shows that a maximally enhanced symmetry point is a fixed point under some non-
trivial O(d, d,Z) transformation, and therefore, an orbifold point in the moduli space. Fixed
points corresponding to non-maximal enhanced symmetries can be found by using factorized
duality instead of the full inversion E → E−1.
We have not shown that the condition E ∈ SL(d,Z) either implies an enhanced symmetry
or exhausts all solutions. In fact, already for B = 0 one knows examples of models which
correspond to physical fixed points, but do not have an enhanced affine algebra. Such systems
are the 24-dimensional Leech lattice and the 8-dimensional E8 lattice (with the full Cartan
matrix as the background metric). These systems contain new (n, 0) conserved currents, where
n > 1.
Furthermore, examples where no higher spin conserved currents exist are also known, as
described in the following subsection, where the special c = d = 2 case is studied in detail.
2.4.2 The d = 2 Example
The symmetry group, Gd, of d = 2 flat compactifications is generated by O(2, 2,Z) and B → −B.
As O(2, 2,R) decomposes into SL(2,R)× SL(2,R) one may expect O(2, 2,Z) to factorize into
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SL(2,Z) × SL(2,Z) [81, 260]. In fact, the moduli space is isomorphic to SL(2,R)/U(1) ×
SL(2,R)/U(1) but, instead, the duality symmetry group turns out to be isomorphic to SL(2,Z)×
SL(2,Z)⊗S [Z2 × Z2] [81, 260, 141].
To show this, one organizes the four real data, G11, G12, G22, B12, into two complex coordi-
nates ρ and τ in the following manner [81]:
τ ≡ τ1 + iτ2 = G12
G22
+
i
√
G
G22
ρ ≡ ρ1 + iρ2 = B12 + i
√
G where G = G11G22 −G212 (2.4.55)
The inverse relation is:
E =
√
G
τ2
(
τ 21 + τ
2
2 τ1
τ1 1
)
+ b
(
0 1
−1 0
)
, (2.4.56)
where b = B12. The target space is a two-dimensional torus and as such it supports a complex
structure τ and a Ka¨hler structure ρ. All in all, as we are going to explain, it turns out that
there is a minimal set of four “generators” for the symmetry group Gd. “Generators,” in this
context, means a set of group elements from which the whole group is generated by forming
products.
A (non-minimal) set of generators is found as follows. SL(2,Z) is generated by two ele-
ments, so a product of two SL(2,Z) has four “generators.” Two other generators are the one
interchanging the two SL(2,Z), and the reflection X1 → −X1. Moreover, the worldsheet parity
σ → −σ (B → −B) provides a seventh generator. The SL(2,Z)2 generators are
S : ρ→ ρ, τ → −1
τ
,
T : ρ→ ρ, τ → τ + 1,
S ′ : ρ→ −1
ρ
, τ → τ,
T ′ : ρ→ ρ+ 1, τ → τ. (2.4.57)
The first two transformations reflect the fact that the target space is a 2-d torus, and thus
unmodified by modular transformations of its complex structure.
The fourth transformation expresses the periodicity in the antisymmetric torsion B12. The
third transformation is a stringy symmetry that for B = 0 takes the volume in target space into
its inverse.
Writing (p2L, p
2
R) in terms of τ and ρ as
p2L =
1
2ρ2τ2
|(n1 − τn2)− ρ(m2 + τm1)|2
p2R =
1
2ρ2τ2
|(n1 − τn2)− ρ¯(m2 + τm1)|2 (2.4.58)
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exposes three more symmetries. The first one exchanges the complex and Ka¨hler structures
D2 : (τ, ρ)→ (ρ, τ). (2.4.59)
This symmetry is of a stringy nature, it is actually the O(2, 2,Z) element we called factorized
duality (2.4.29) (here acting on the second coordinate). This can be seen by setting B12 = G12 =
0. In this case eq. (2.4.59) corresponds to G22 → 1/G22. The other symmetry is
R : (τ, ρ)→ (−τ¯ ,−ρ¯). (2.4.60)
This equation corresponds to the X1 → −X1 reflection we mentioned above. Indeed, this
symmetry changes the sign of G12 and B12, while leaving G11, G22 invariant. The last symmetry,
which corresponds to worldsheet parity (σ → −σ), interchanges pL and pR and corresponds to
B → −B, while all other data are invariant. It is given by
W : (τ, ρ)→ (τ,−ρ¯). (2.4.61)
Since this symmetry interchanges pL with pR, it changes the sign of the Lorentzian norm p
2
L−p2R
and thus cannot belong to O(2, 2,R).
The set of generators we presented is not a minimal one. One can remove the S ′, T ′ and
R elements from the set of generators, as they can be obtained from S, T , D2 and W by the
help of eqs. (2.4.59, 2.4.61) (S ′ = D2SD2, T ′ = D2TD2, R = D2WD2W ). The four symmetries
(S, T,D2,W ) provide a minimal set of “generators” for the symmetry group.
The target space moduli space has the global structure of a product of the fundamental
domains of two tori, that is SL(2,R)/U(1)× SL(2,R)/U(1), modded out by the discrete sym-
metries. In figure 2.B we show, as an example, the slice ρ = τ of the fundamental domain. A
similarity between worldsheet and target space symmetries emerges. We will further discuss
this issue later in section 5.
Not only do target space and worldsheet symmetries show similarity, there are cases where
they could even be interchanged. Let us consider the one-loop partition function Z(τ, ρ; σ). It
describes a string moving in the target space background defined by the data τ, ρ when the
worldsheet is a torus with a given complex structure σ. This partition function is symmetric
under the interchange of the complex structures of the target space and the worldsheet [81]
Z(τ, ρ; σ) = Z(σ, ρ; τ). (2.4.62)
Together with the factorized duality, τ ↔ ρ, this gives rise to a triality. This result also
generalizes (partly) to higher dimensional backgrounds and higher genus worldsheets [140] as
we discuss in section 5.
We conclude the example by noting several points in moduli space which are fixed points
under some (non-trivial) duality.
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Let us describe at first two points with a maximally enhanced worldsheet symmetry. The
first corresponds to the (SU(2)× SU(2))L × (SU(2)× SU(2))R symmetric point, described by
E = I, or equivalently by
(τ, ρ) = (i, i). (2.4.63)
The second corresponds to the SU(3)L × SU(3)R symmetric point, described by
E =
(
1 1
0 1
)
, (2.4.64)
or equivalently by
(τ, ρ) =
(
1
2
+
i
√
3
2
,
1
2
+
i
√
3
2
)
. (2.4.65)
Equations (2.4.63) and (2.4.65) are the two “orbifold singularities” in the fundamental domain
shown in figure 2.B.
Finally, we present a continuous set of fixed points under the E → E−1 duality, combined
with the B → −B worldsheet parity. These backgrounds correspond to the special value τ = i,
while |ρ| = 1, or equivalently
E(g, b) =
(
g b
−b g
)
, s.t. g2 + b2 = 1. (2.4.66)
It now follows that
E(g, b)−1 = E(g,−b), (2.4.67)
and therefore, it is a fixed point of WD (recall that D = D1D2). This continuous set of fixed
points of an element of Gd includes two fixed points of O(2, 2,Z). The first is b = 0, g = 1, that
is the symmetric background (2.4.63). The second is a fixed point of T ′D ∈ O(2, 2,Z) at the
special value b = ±1/2, g = √3/2. This last example shows [260] that there are orbifold points
in the moduli space that do not have extra conserved chiral currents.
2.5 Duality of the Heterotic-String Spectrum
The Heterotic-string action in flat background, including the coupling to a background gauge
field Aαµ and a background antisymmetric tensor Bµν , µ, ν = 1, . . . , d, α = 1, . . . , 16 is (for a
review, see [158])
S =
1
2π
∫
d2z
[
(Gµν +Bµν)∂X
µ∂¯Xν + Aµα∂X
µ∂¯Xα
+ (Gαβ +Bαβ)∂X
α∂¯Xβ
]
+ (fermionic terms), (2.5.1)
with the constraint that the Xα are chiral bosons. Here we work in the orthonormal gauge
(2.4.6), and the complex worldsheet coordinates and derivatives are
z =
1√
2
(τ + iσ), ∂ =
1√
2
(∂τ − i∂σ), (2.5.2)
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and therefore, d2z = dσdτ , and ∂x∂¯x = 1
2
(∂τx)
2 + 1
2
(∂σx)
2.
The index α denotes an internal index. The internal coordinates live on the weight lattice
of E8 × E8 or Spin(32)/Z2. The indices (µ, α) label a (16 + d)-dimensional orthonormal basis:
Gµν ≡ δµν , Gαβ ≡ δαβ.
The moduli space of the heterotic string in d-dimensional toroidal backgrounds is isomorphic,
locally, to the symmetric space O(d + 16, d,R)/(O(d+ 16,R) × O(d,R)) [236, 238]. Here we
will study the global structure of the moduli space following [146], namely, we will identify the
target space discrete symmetries.
Due to chirality the geometrical interpretation of the heterotic background fields is not man-
ifest. Therefore, we will “embed” the compactified section of the heterotic string (not including
the worldsheet fermions) in 16+ d space-coordinates of a bosonic string. The Lorentzian lattice
of the bosonic string is of the form:
(
pR
pL
)
=
(
piR, p
I
R
pjL, p
J
L
)
, i, j = 1, . . . , d, I, J = 1, . . . , 16. (2.5.3)
The embedding is such that the lattice generated by
(
piR 0
pjL p
J
L
)
(2.5.4)
is a sub-lattice of the original one, and gives the spectrum of the heterotic string. This will
allow us to get the spectrum of the heterotic sting from that of the bosonic string by truncation.
The sub-spectrum of the dual spectrum is given by a duality transformation of the original sub-
spectrum. Thus, all one has to find is the E-matrix of parameters of the relevant bosonic
coordinates.
Let {EαI |I = 1, . . . , 16}, {eµi |i = 1, . . . , d} satisfy
EI · EJ = 2GIJ , ei · EI = 0,
ei · ej = 2Gij, (2.5.5)
where
Gαβ = 2GIJ(E
I ∗)α(EJ ∗)β,
Bµν = 2BIJ(e
i ∗)µ(ej ∗)ν , Bαβ = 2BIJ(E
I ∗)α(EJ ∗)β,
Aµα = 2AiJ(e
i ∗)µ(EJ ∗)α, (2.5.6)
and EI ∗ (ei ∗) is the basis dual to EI (ei).
The A field stands for an antisymmetric tensor and a metric in the coefficients EiI , EJj
of the background matrix. It is impossible for EIJ to depend on A, as the gauge field is a
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continuous parameter, while there are only discrete solutions to EIJ which allow truncation of
the spectrum of the (16 + d, 16 + d) model to a chiral (16 + d, d) model.
The operator E of the embedding bosonic string has the form:
E ≡ B +G =


(
G+B + 1
4
AKAK
)
ij
AiJ
0 (G+B)IJ

 (2.5.7)
To prove it, let us pick up a basis α ≡ (αi, αI) of a lattice Λ(d+16) with the metric 2G:
αi = (ei,
1
2
AKi EK),
αI = (0, EI). (2.5.8)
The dual basis α∗ is
αi ∗ = (ei ∗, 0),
αI ∗ = (− 1
2
AIi e
i ∗, EI ∗). (2.5.9)
Thus, the bosonic Lorentzian lattice (pL, pR) has the form:
pR = [(n)
t + (m)t(B −G)](α∗)
= niα
i ∗ + nIα
I ∗
+(mi, mI)


(
B −G− 1
4
AKAK
)
ij
0
−AjI (B −G)IJ

( αj ∗
αJ ∗
)
= ([ni +mj(B −G)ji − 1
4
mjA
K
j AKi −
1
2
(nJ +mI(B +G)IJ)A
J
i ]e
i ∗,
[nJ +mI(B −G)IJ ]EJ ∗). (2.5.10)
Here it turns out that EIJ = (G+B)IJ is given by
EIJ = CIJ , I > J, EII =
1
2
CII , EIJ = 0, I < J, (2.5.11)
where CIJ is the Cartan matrix of E8 × E8. Therefore, the vectors VJ ,WJ defined by
nJ +mI(B +G)IJ ≡ VJ ,
nJ +mI(B −G)IJ ≡ WJ , (2.5.12)
are in the root lattice of E8 × E8.
The truncation to a sub-lattice describing the heterotic string spectrum is the set of (nI , mI)
such that WJ = 0. Defining P and L by
nie
i ∗ ≡ 1
2
P,
mj(B −G)jiei ∗ ≡ −L− BL, (2.5.13)
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we get
pR = (
1
2
P − L− BL− 1
2
V A− 1
4
A(AL), 0). (2.5.14)
In the same way
pL = [(n)
t + (m)t(B +G)](α∗) = (
1
2
P + L− BL− 1
2
AV − 1
4
A(AL), V + AL). (2.5.15)
The vectors (pL, pR) span precisely the (d+ 16, d)-dimensional even self-dual Lorentzian lattice
of the heterotic string [238]. Therefore, the bosonic truncated spectrum coincides with the
heterotic model.
The A field stands for a metric (
0 1
2
AiJ
1
2
AIj 0
)
, (2.5.16)
and an antisymmetric tensor (
0 1
2
AiJ
−1
2
AIj 0
)
, (2.5.17)
in the cross directions. It also affects the metric in the compactified space: Gij → Gij+ 14AKi AKj.
The background-inversion duality transformation for the bosonic string E ′ = E−1, induces
the transformation on the heterotic string background fields:
A′ij = −(G+B +
1
4
AKAK)
−1
ij AjI(G+B)
−1
IJ ,
(G′ +B′)ij = (G+B +
1
4
AKAK)
−1
ij −
1
4
A′Ki A
′
Kj,
(G′ +B′)IJ = (G+B)
−1
IJ ≡ (G +B)IJ mod SL(16,Z) transformation . (2.5.18)
So far we have described a particular element of the discrete target space symmetries of
the heterotic string in flat backgrounds. Following the discussion for the bosonic string in
section 2.4, one can show that here target space duality is generalized to a group isomorphic to
O(d+ 16, d,Z). This group is the subgroup of O(d+ 16, d+ 16,Z) that preserves the heterotic
structure of E in (2.5.7) (namely, that transforms the lower two blocks 0 and (G + B)IJ into
themselves), while acting on E by fractional linear transformations (2.4.24).
2.6 Duality as a Gauge Symmetry
In this section we relate (most of) the discrete symmetry group Gd – the subgroup O(d, d,Z)
for d-tori compactifications – with a gauge symmetry.
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2.6.1 Motivation
We have described in some detail the discrete symmetry group Gd which relates physically
equivalent theories in the moduli space of flat compactifications; some of these symmetries are
of a stringy nature, and are rather surprising from a field theory point of view. So far, it
was shown that the worldsheet partition functions of any two theories related by a O(d, d,Z)
transformation are identical8.
We will show that the theories themselves are identical by demonstrating that two theories
related by O(d, d,Z) are actually gauge equivalent under some gauge group. Uncovering such a
gauge symmetry would afford one a glimpse into the structure of the large symmetry which is
supposedly associated with string theory. A gauge symmetry could ensure that the symmetry
group O(d, d,Z) indeed persists to all orders in string perturbation theory. For example, such
symmetries in Gd would be protected from explicit breaking had they actually been residual
gauge symmetries surviving an incomplete gauge fixing of some continuous gauge group.
The discrete nature of the group Gd suggests that if it is a residual gauge symmetry it is to
be associated with large gauge transformations, namely, gauge transformations which are not
connected (in the space of gauge transformations) to the identity. Such a residual worldsheet
gauge symmetry is familiar in string theory; it is the modular group acting on the worldsheet
metric.
In string theory a large discrete symmetry, the modular group of Riemann surfaces (iso-
morphic to SL(2,Z) on the torus, for example) is present; it reflects the underlying general
coordinate invariance and Weyl invariance which are there when string theory is viewed as a
theory of two dimensional gravity. This is the group of residual symmetries in the conformal
gauge when the worldsheet is a torus. There are traces of general coordinate andWeyl invariance
in the Veneziano and Virasoro-Shapiro amplitudes.
The similarity of the target space Gd symmetries with those of the worldsheet modular group
encourages to view them as some gauged fixed version of a similar larger symmetry in the space
of allowed string theory backgrounds.
Another hint in that direction emerges from the effective target space Lagrangian of the
theory [84]. Consider the case of the bosonic string with one compactified dimension (d = 1).
The target space picture consists of an effective SU(2)L×SU(2)R scalar potential which has flat
directions. The potential is constructed in terms of scalar fields in the (1,1) representation of the
SU(2)L × SU(2)R symmetry group. A special point among all possible vacua is the one where
all scalar fields obtain, say, a vanishing expectation value; in that case the SU(2)L × SU(2)R
symmetry is retained. For any non-zero expectation values of the scalar fields, the symmetry is
8 For d > 1 we have shown explicitly only duality at genus g = 1; the proof for g > 1 is along the lines of
section 2.3, and will also be discussed later in section 5.
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spontaneously broken down to U(1)L × U(1)R.
In the spontaneously broken case, the space of classical minima separates into gauge equiv-
alent “shells;” each shell is a four dimensional surface characterized by its radius, and all points
on a given shell are gauge equivalent (the surface is four dimensional as it is parametrized by
the transformations associated with the four broken symmetry generators). In a finite scale
invariant field theory (such as a four dimensional N = 4 SUSY theory), different surfaces would
also be physically equivalent, as they represent equivalent theories which differ only by their
scale; that scale is spontaneously generated and corresponds to the expectation value of a scalar
field9.
Using the SU(2)L × SU(2)R symmetry, any scalar expectation value in the adjoint repre-
sentation can be pointed along a single component, for example, in the direction of the Cartan
sub-algebra; let us denote the value of that component by h. A discrete gauge transformation,
such as a rotation by an angle φ around an appropriate SU(2) isospin axis (for example, if
h points in the J3 direction, a rotation around the J1 axis can be used), rotates the scalar
configuration h into −h. The two configurations are gauge equivalent (by a discrete gauge
transformation). From the target space point of view, this identification corresponds to the
d = 1 circle duality. Let us repeat that the two configurations are members of the same gauge
equivalent surface, and therefore, are separated by a finite distance.
The correspondence of the above observation with target space duality is seen from the
worldsheet perspective. The point where SU(2)L × SU(2)R is unbroken corresponds to the
self-dual R = 1 point in the moduli space of circle compactifications. The spontaneous breaking
of the target space symmetry (by giving an expectation value h to a target space scalar field) is
achieved by an explicit breaking of the corresponding worldsheet symmetry [84]. The explicit
breaking is done by adding to the worldsheet Lagrangian L0, describing the self-dual point, a set
of compatible marginal operators f(z, z¯) to obtain the modified conformal Lagrangian, L(δR),
describing a string moving in one of the dimensions on a circle of radius R = 1 + δR,
L(δR) = L0 + δR f(z, z¯). (2.6.1)
Expanding the duality relation R′ = 1/R around R = 1, one obtains the dual Lagrangian
L′(δR):
L′(δR) = L(−δR) +O((δR)2) = L0 − δR f(z, z¯) +O((δR)2). (2.6.2)
This shows that the theories L and L′, obtained by perturbing with h ≡ δR or with −h, are dual
to each other. But we have argued that they are also gauge equivalent by a transformation of
9 In regular field theory this picture would be valid for all surfaces. However, in string theory things are more
complex. The number of compactified dimensions, d, is bigger than 1, and at a finite distance from the point
where the scalar fields had zero expectation value, the SU(2)L×SU(2)R symmetry is restored; the reappearance
of massless states is special to string theory and will be dealt with in detail in section 2.8. We will ignore this
extra structure for a while.
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the target space SU(2)L (or SU(2)R) gauge symmetry! Therefore, for d = 1, duality is related
to a target space gauge symmetry.
The above consideration has another immediate worldsheet counterpart. The affine Lie
algebra on the worldsheet is enhanced at the self-dual point from U(1)L × U(1)R to SU(2)L ×
SU(2)R, with the appearance of two more (1,0) chiral currents, and two more (0,1) anti-chiral
currents (the (1,0) and (0,1) indicate the scaling dimensions of these worldsheet operators). As
will be explained in more detail soon, the perturbations h and −h are related by a reflection of
the current (or the anti-chiral current) contained in the marginal operator f(z, z¯); this reflection
is an element in the Weyl group of the enhanced symmetry SU(2)L (or SU(2)R). Therefore,
the two perturbations are related also by a worldsheet symmetry.
The relation between duality among theories near the self-dual point and Weyl symmetries
[43] is valid all along the line of circle compactification (this will be shown for the general case).
This concludes the discussion in the case of d = 1 flat compactifications.
As d increases, so does the complexity of the group Gd. In particular, the couplings Bij
appear, and the moduli space has an increasing number of special points. Several questions
arise: is there a generalization of the Weyl group construction of duality for general values of
d? What is the relation between the symmetry group Gd and transformations appearing in the
Weyl construction? Is there a preferred subgroup of special points to be utilized in the Weyl
construction? What type of gauge group exists for general values of d? These issues are explored
in the following subsection.
2.6.2 The Weyl Construction
The search for a basis of truly marginal operators in the moduli space, in the neighborhood of a
CFT defined by some worldsheet Lagrangian, L, was discussed in section 2.1. For the purpose of
the discussion in this section we will consider expansions around Lagrangians L(E0) defined at
points with enhanced symmetry in the moduli space of d-dimensional toroidal compactifications
(here E0 denotes a background matrix corresponding to a point with enhanced symmetry). We
do not know at this stage what is the general classification of such points. It may well be that
all of them are needed to be considered in order to fully appreciate the larger gauge symmetry.
We limit our discussion to those characterized by the existence of extra (1,0) currents and (0,1)
currents, in addition to the Abelian ones. All those have been shown to be fixed points (under
some elements of the duality group). It will turn out that they carry quite some information.
The moduli space of flat compactifications contains points with an enhanced affine symmetry
group GL×GR. We will discuss the discrete set of points with a maximally enhanced symmetry.
By “maximally” we mean that GL = GR = G, where G is semi-simple and rank(G) = d.
(It is possible to generalize the study to any GL × GR). These special points are described
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by a background matrix, which we denote by EM . The symmetric part of EM , GM , is one
half the Cartan-matrix of a simply-laced group (modulo the discrete symmetry group). The
antisymmetric part, BM , is the Cartan valued torsion (2.4.53) (modulo the discrete symmetry
group). The point EM can be described by a level 1 WZNW model on the group manifold
of G. Alternatively, the theory might be described in terms of d free bosons on the constant
background EM , with a Lagrangian L(EM). These theories contain the necessary extra (1,0)
currents and (0,1) currents, in the adjoint representation of GL and GR.
Thus we are choosing to expand around special points where the spectrum of L is equipped
with some current algebra. When the enhanced symmetry is GL × GR, with GL = GR = G,
the truly marginal operators can be composed out of the (dimG)2 (1,1) operators resulting
from multiplication of the chiral and anti-chiral currents. The algebraic structure enables one
to state a simple condition, valid to all orders in perturbation theory, on what are the allowed
truly marginal operators.
Denote the chiral (anti-chiral) (1,0) ((0,1)) currents by Ja (J¯ b), where a, b = 1, ..., dimG.
The perturbed theory
L(EM , ǫ) = L(EM ) + ∆L, ∆L = ǫabJ
aJ¯ b, (2.6.3)
is a truly marginal deformation of L(EM ) whenever the matrix ǫ satisfies [56]
∑
n,m
ǫnaǫmbf
nmc = 0 (2.6.4)
for all a, b, c. Here fnmk are the structure constants of the group G. The perturbation ∆L in
eq. (2.6.3) is equivalent to a perturbation
∆L′ = ǫabJ
′aJ¯ ′b (2.6.5)
if J ′ (J¯ ′) are connected to J (J¯) by a continuous transformation in the group GL (GR). Taking
into account the “gauge” equivalence, the moduli space in the neighborhood of EM is spanned
by the (1,1) truly marginal operators in the Cartan sub-algebra of GL ×GR,
∆L = ǫijH
iH¯j, i, j = 1, ..., d, rankG = d. (2.6.6)
Their number is (rankG)2; a more involved way to appreciate this number is outlined below.
The number of truly marginal independent directions is (dimG)2 (generated by the JaJ¯ b
operators, a, b = 1, ..., dimG). But, because of the condition (2.6.4), the set of critical points
that can be reached from L(EM ) by conformal deformations spans a lower dimensional surface
in the large space; its dimension is 2(dimG − d) + d2. However, the dimension of the physical
moduli space in the neighborhood of these points is only d2. This is due to the fact that
different truly marginal perturbations are equivalent under continuous transformations in the
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group GL×GR.10 For example, in the d = 1 case, the space of critical points is a 5-dimensional
surface – spanned by deformations of the type (
∑3
a=1 αaJ
a)(
∑3
b=1 βbJ¯
b) (the overall scale is
irrelevant) – in a 9-dimensional Euclidian space spanned by JaJ¯ b, a, b = 1, ..., 3. The physical
moduli space is one-dimensional, and generated, say, by the J3J¯3 operator.
Suppose one can relate ǫ′ to ǫ, in the tangent space at the point EM , by gauge transform-
ing the currents H and H¯ . Then the discrete symmetry relating L(EM , ǫ) to L(EM , ǫ
′) is a
spontaneously broken gauge symmetry of the enhanced symmetry group G. The symmetry
is extended to the entire moduli space. The products of such transformations, originating at
different enhanced symmetry points in the moduli space, correspond to a gauge transformation
of a bigger group. We will discuss these points in more detail in what follows.
The symmetry group Gd:
Let us recall briefly some properties of the discrete group Gd (see section 2.4). Gd is isomorphic
to the semi-direct product of O(d, d,Z) and a 2-dimensional parity symmetry. In the language
of background fields, 2d parity relates the antisymmetric tensor Bij to −Bij . The subgroup
O(d, d,Z) acts on the background fields as a fractional linear transformation. The generators
have been described in detail in subsection 2.4.1; here we only recall that one can generate
O(d, d,Z) by permutations Pij , reflections Ri, the SL(2,Z) symmetries Tij, the antisymmetric
tensor shifts Θij , and the factorized dualities Di, i, j = 1, ..., d.
Weyl symmetries as a part of Gd:
We now turn to showing that the operations which are gauge transformations implemented
by Weyl transformations, which themselves generate a group that we denote GWeyl, can all be
expressed as elements in Gd. Therefore, many Gd elements will be shown to be gauge symmetries;
we will also discuss the other Gd symmetries. In order to show this we need to prove a few
statements:
Statement 1
Any element of GWeyl, of a type expressing a pair of chiral and anti-chiral Weyl reflections,
(WL,WR), around an enhanced symmetry point, EM , corresponds to an element of O(d, d,Z).
The corresponding O(d, d,Z) transformation is denoted g(WL,WR, EM). We will expand on
this statement below.
Statement 2
A general element in GWeyl can be expressed as a product of Weyl reflections around enhanced
10 The counting goes as follows: eliminating the gauge equivalence, by subtracting the 2(dimG − d) broken
gauge symmetries from the [2(dimG− d) + d2]-dimensional space, leaves d2 physical directions.
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symmetry points, all sharing the same symmetry.
Let us elaborate on this statement. There are many enhanced symmetry points (for d > 1
there are infinitely many points with enhanced symmetries for any group with rank d); nev-
ertheless, the products of Weyl reflections around points with the same enhanced symmetry
group (for instance, SU(2)d) are sufficient to generate the full group GWeyl. The content of the
group itself does not depend on the special enhanced symmetry points used in its generation.
The same is true if one forms products of Weyl reflections around points with several enhanced
symmetry groups. This is due to the fact that an element of GWeyl may be represented by
many different products of reflections around different symmetry points; that is, the realization
of GWeyl in terms of reflections is not unique.
To describe the third statement, we first present some definitions. Let Λ be the lattice
defining the torus of compactification, T d ≃ Rd/πΛ, of an enhanced symmetry point EM , and
let A be an automorphism of Λ, namely,
A(GM)A
t = GM , (2.6.7)
where GM is the symmetric part of EM . Each Weyl reflection is, in particular, an automor-
phism of Λ, called inner. But there are automorphisms that are not Weyl reflections; these are
called outer automorphisms. To an outer automorphism (for instance, a permutation of the
two SU(2)’s in SU(2) × SU(2)) corresponds an element g(A,A,EM) which is in the GL(d,Z)
subgroup (A ∈ GL(d,Z)) of O(d, d,Z). The third statement is:
Statement 3
If g ∈ O(d, d,Z) then g = ∏i g(ALi, ARi, EMi) for some enhanced symmetry points EMi .
Here (ALi, ARi) is a pair of automorphisms, inner (Weyl) or outer, of the enhanced-symmetry
root lattice Λi. The content of statement 3 is that any element of O(d, d,Z) can be written as
a product of the elements in GWeyl (corresponding to Weyl reflections around points with en-
hanced symmetries) and additional elements relating current-current perturbations of enhanced
symmetry points; the latter act on the currents as outer automorphisms (we elaborate on that
below).
Statement 4
4a. The group GWeyl(d) is a subgroup of O(d, d,Z), generated by the elements in O(d, d,Z) that
contain an even number of the generators Pij , Tij,Θij (see their definition in subsection 2.4.1).
4b. The group O(d, d,Z) is a subgroup of GWeyl(d+ 2).
Here GWeyl(d) denotes the group GWeyl for d-dimensional toroidal backgrounds.
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The statement 4a tells us that the residual symmetries of the broken gauge group,∏
i
g(WLi,WRi, EMi), (2.6.8)
(namely, the products of elements corresponding to pairs, (WLi,WRi), of chiral and anti-chiral
Weyl reflections around the enhanced symmetry points EMi), generate a special (infinite order)
subgroup of O(d, d,Z). Moreover, statement 4b tells us that all the elements of O(d, d,Z) can
be interpreted as spontaneously broken gauge symmetries in the group generated by products
of Weyl reflections around points with enhanced symmetries in d+ 2 dimensions, GWeyl(d+ 2).
We are now going to elaborate on each of the above statements, and prove the various
assertions.
The meaning of statement 1 is the following. In vector notation, the worldsheet Lagrangian
L(EM , ǫ) is defined to be
L(EM , ǫ) = L(EM) +H
tǫH¯. (2.6.9)
L(EM , ǫ) is equivalent, physically, to the theory L(EM , ǫ
′), where ǫ′ = WLǫW tR. This is so
because L(EM ) is unaffected by Weyl reflections acting on the (1,0) currents and (0,1) currents.
The transformations
H ′ = WLH, H¯
′ =W tRH¯ (2.6.10)
are equivalent to a change of the background matrix deformation ǫ to ǫ′. Now recall that ǫ and
ǫ′ are equivalent background perturbations of EM if WL and WR are Weyl transformations. In
that case the theories described by the background matrices EM + ǫ and EM + WLǫW
t
R are
connected by a gauge transformation in GL ×GR.
The particular element in O(d, d,Z), g(WL,WR, EM), which corresponds to this gauge trans-
formation, is found in the following manner. It is sufficient to find the O(d, d,Z) transformation
that coincides with the symmetry ǫ → ǫ′ infinitesimally close to EM . This is true because
two isometries of a complete space, which coincide on the tangent space at the point p, and
which preserve p, coincide on the entire space. A convenient metric on the moduli space is the
Zamolodchikov’s metric [290] (which is a metric of O(d, d,R)/O(d,R)2 viewed as a symmetric
space),
ds2 = gab dx
adxb = Tr
(
G−1ǫtG−1ǫ
)
. (2.6.11)
Any automorphism satisfying eq. (2.6.7) is obviously an isometry acting on ǫ in the neighbor-
hood of EM . The discrete symmetry corresponding to the action of WL and WR is, therefore,
an isometry (as it should be by definition).
We will look for an isometry in O(d, d,R) which coincides with the action of the inner
automorphisms WL,WR on the tangent space of EM . Thus, we look for an element (see section
2.4)
g =
(
a b
c d
)
∈ O(d, d,R), gtJg = J, J =
(
0 I
I 0
)
, (2.6.12)
42
such that
g(EM + ǫ) ≡ [a(EM + ǫ) + b][c(EM + ǫ) + d]−1 = E + ǫ′ +O(ǫ2). (2.6.13)
Solving for ǫ′ one finds
ǫ′ = (a−EMc)ǫ(cEM + d)−1, (2.6.14)
and we demand that ǫ′ = WLǫW tR, thus
a− EMc =WL, cEM + d = (W tR)−1. (2.6.15)
Finally, after some algebra one finds [43, 141]
g(WL,WR, EM) = A(EM)
(
(W tR)
−1 0
0 WL
)
A−1(EM), (2.6.16)
where
A(E) =
(
E/2 −EtG−1
I/2 G−1
)
, A−1(E) =
(
G−1 G−1Et
−I/2 E/2
)
. (2.6.17)
As expected, g is a representation, g(W1W2) = g(W1)g(W2). Using the properties of EM one
finds that g is not only an O(d, d,R) rotation, but an element of its discrete subgroup O(d, d,Z)
as well. This completes the proof of statement 1.
Statement 3 is easily proved finding the product
∏
g(AL, AR, EM) for each generator of
O(d, d,Z). We first present the elements in the d = 2 case, and then we generalize to any d.
For d = 2,
gD1 = g(r, 1, I), gR1 = g(r, r, I), gP12 = g(p, p, I),
gΘ12 = g[p, p, E(SU3)]g(p, p, I),
gT12 = gR1gP12gD(gΘ12)
−1g[p, 1, E(SU3)]gP12gR1 , (2.6.18)
where
p =
(
0 1
1 0
)
, r =
(−1 0
0 1
)
, E(SU3) =
(
1 1
0 1
)
; (2.6.19)
D = D1D2 is the duality symmetry that takes the background matrix to its inverse.
Modulo the permutation P12, which corresponds to an outer automorphism of SU(2) ×
SU(2), the list in eq. (2.6.18) is made of gauge transformations. The SU(2) × SU(2) outer
automorphism cannot be viewed, on its own, as a gauge symmetry in a larger group, say SU(4).
Neither it is a Weyl symmetry of SU(4) nor of any other larger gauge symmetry (we shall discuss
soon what this implies about the identification of the points related by this discrete symmetry).
The automorphisms of the points in moduli space with an enhanced symmetry group SU(2)×
SU(2) and SU(3) (even for specific backgrounds: I and E(SU3)) are sufficient to generate all
the elements of O(d, d,Z). This is true if we use the points with such symmetries in any pair of
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target space coordinates with indices i, j. In that way one gets Di, Ri, Pij, Tij and Θij using eq.
(2.6.18). The group O(d, d,Z) is, therefore, completely generated, and that proves statement 3.
Actually, one can say more. Weyl reflections at the points with an enhanced symmetry
SU(2)d are sufficient in order to get all the gauge transformations. For any simply laced group,
G, the following was checked: Let EM be the background matrix at an enhanced symmetry
point G, defined as in eq. (2.4.53) (namely, EM is the upper-triangular matrix given by the
sum of one-half the Cartan matrix plus its antisymmetrization). The O(d, d,Z) transformation
that corresponds to the right-handed Weyl reflection of the first simple root (WL = 1,WR 6= 1)
is R1D1. The transformation which corresponds to the left-handed Weyl reflection (WL 6=
1,WR = 1) at the point E
t
M is D1. These are exactly the O(d, d,Z) transformations that
correspond to reflections in the SU(2) case. By a conjugation in O(d, d,Z) one gets all the gauge
transformations which correspond to a G-enhanced symmetry point. We conclude, therefore,
that the duality relations obtained from different enhanced affine symmetry groups are the same.
The proof of 4a is now very simple. D1 and R1D1 are trivially generated by an even number
of generators Θ, P and T . A conjugation in O(d, d,Z) and multiplication preserve the parity of
Θ, P, T generators. Therefore, every gauge transformation is even in Θ, P, T . Also, any element
which contains even number of Θ, P, T ’s is in GWeyl. The argument in the previous paragraph
also proves statement 2.
We conclude that the group O(d, d,Z) is generated by the groups GWeyl and Z2. The Z2
stands for the outer automorphism that permutes two coordinates at the point with an identity
background matrix. Therefore, up to a change of names, all the elements of the O(d, d,Z)
discrete symmetries are linked to gauge transformations of the kind that was described.
The fact that O(d, d,Z) transformations which are odd in Θ, P, T ’s are not gauge transfor-
mations might be a little surprising. However, there is a simple way to interpret also the odd
elements as gauge symmetries in string theory. This is the content of statement 4b, which we
are now going to prove.
In string theory there are 26 − d (10 − d) space-time coordinates in addition to the d-
dimensional internal space. Let go (ge) denote an element which is odd (even) in Θ, P, T ’s. For
go ∈ O(d, d,Z), ge = goY23,24 is an element in O(d, d,Z) × O(2, 2,Z). Y23,24 is any element in
O(2, 2,Z) which is odd in Θ23,24, P23,24 and T23,24. The 23-24 plane is spanned by two space
coordinates. The action of ge on the submoduli, for which the 23’rd and 24’th coordinates are
constrained to have an infinite radius, is reduced effectively to go. Thus, one may consider go
as a broken gauge transformation, in the limit where two coordinates are decompactified. Note
however, that for d ≥ 21, the consequence of the identification through a gauge transformation
involves the introduction of local symmetries mixing internal and 4-dimensional space-time
coordinates.
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We have completed the discussion of O(d, d,Z) as a spontaneously broken gauge symmetry
in string theory. However, we are left with the Z2 class of Gd for which we have not found
a general gauge interpretation. These are the symmetries corresponding to worldsheet parity
(B → −B on the background). To discuss properties of this symmetry consider the following.
Recall that a convenient isometric embedding of the moduli space O(d, d,R)/O(d,R)2 in
O(d, d,R) is the set of phase-space matrices (see section 2.4, eqs. (2.4.17)-(2.4.23))
M =
(
G− BG−1B BG−1
−G−1B G−1
)
. (2.6.20)
Recall also, that the spectrum of the theory is given by ZtMZ/2, where Z is a 2d-dimensional col-
umn vector with integer components. The inner automorphisms (transformations in O(d, d,R))
that preserve the spectrum generate the group O(d, d,Z). The transformation that takes B to
−B is the outer automorphism
M →
(
I 0
0 −I
)
M
(
I 0
0 −I
)
. (2.6.21)
While the symmetry group O(d, d,Z) corresponds to linear transformations on the currents J
(and/or the currents J¯), the parity symmetry corresponds to the change J ↔ J¯ . Therefore,
unlike O(d, d,Z) it cannot be interpreted as a spontaneously broken gauge symmetry.
Finally, let us say few words about the heterotic string. For the heterotic string things are a
bit more involved; only elements in the subgroup of O(d + 16, d,Z) generated by g(WL,WR =
1, EM) are gauge transformations. (On the submoduli of a zero background gauge field, A = 0,
they will generate a subgroup made of elements with even number of generators R,Θ, P and T .
The reason is that in the SU(2) case only D is a gauge transformation; R and RD act on right-
handed currents and as a result the GSO projection in the supersymmetric sector is changed.
Now, conjugating I and D we get elements which are even in R,Θ, P, T ). However, when WR
is non-trivial, the corresponding symmetry is not linked to a gauge transformation. Yet, we
conjecture that all the elements of O(d + 16, d,Z) can still be interpreted as spontaneously
broken gauge symmetries, in analogy with the bosonic string case.
2.7 Effective Field Theory and O(6, 6,Z) Duality
Having seen the rich structure of duality symmetry one would attempt to find an explicit target
space realization of it. Here and in section 2.8 we pursue this attempt by studying heterotic
N = 4 supersymmetric compactifications to D = 4. The rational to study local N = 4
supersymmetry is that this is the most constrained heterotic background in four dimensions.
We adopt the following strategy:
a) We review the construction of N = 4 supergravity coupled to matter. The only freedom in
this construction is the choice of the gauge structure constants.
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b) We find the structure constants of the spin-1 fields relevant to low energy physics by com-
puting their off-shell string 3-point functions.
c) We add to those spin-1 fields other (harmless) degrees of freedom in order to close a com-
pletely duality-invariant gauge algebra.
N = 4 is the largest supersymmetry that can be possessed by the heterotic string compact-
ified to four dimensions. It is realized when the compact space is a torus. The most general
duality group, generated by a gauge symmetry, for torus compactifications of the heterotic
string to 4-D space-time, as shown in section 2.5, is O(6, 22,Z). This is the group of Γ(6,22)
automorphisms which preserve its Lorentzian metric. In particular, when the Lorentzian lattice
takes the special form
Γ(6,22) = Γ(6,6) ⊕ Γ(0,16), (2.7.1)
the Narain compactification reduces to a standard toroidal one, where the background gauge
fields in the compactified space are all zero. An obvious subgroup of the duality group is, in
this case, O(6, 6,Z), namely, the group of length-preserving automorphisms of Γ(6,6).
The group O(6, 6,Z) enjoys an interesting property: it transforms modes that are massless
for any Γ(6,6) background into themselves 11. These modes are called “marginal” since they
persist and thus correspond to truly marginal deformations of the CFT. If we are interested
in low energy physics (E ≪ α′−1/2), the only relevant interactions are those of the massless
modes. All these interactions can be derived from a Low-Energy Effective Action (LEEA),
which describes all physics well below the string scale. Since O(6, 6,Z) is a symmetry that
(generically) does not mix marginal low energy degrees of freedom with ultramassive ones,
the LEEA of a Narain compactification, containing those low-energy degrees of freedom, must
be invariant under O(6, 6,Z). When the T 6 torus of the compactification with lattice (2.7.1)
is modded out by an appropriate discrete symmetry group one finds the so-called orbifold
compactification [86]. In this case, the N = 4 supersymmetry of the torus compactification is
broken down to N = 2, N = 1 or N = 0. Likewise O(6, 6,Z) breaks down to some non-compact
subgroup, e.g. SL(2,Z). This latter group is still an invariance of the CFT of the orbifold
compactification, and therefore of the resulting LEEA.
In this section we shall examine the N = 4 LEEA, and show that, for compactifications
described by lattice (2.7.1), the LEEA is indeed O(6, 6,Z) invariant.
Since the LEEA describes low energy physics, we should include in it only terms with at
most two derivatives of the low energy fields. Indeed, higher derivative terms are multiplied by
powers of (α′1/2), and thus negligible at E ≪ α′−1/2. Furthermore, the four-dimensional LEEA
is N = 4 supersymmetric, since it comes from the dimensional reduction of an N = 1 theory
in ten dimensions [54, 27, 55]. The gauge group, on a generic (non self-dual) background, is
11Modes that become massless only on special backgrounds (self-dual radii) do mix with massive ones.
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either E8 × E8 × U(1)6 or Spin(32)/Z2 × U(1)6.12 The ten-dimensional gauge group E8 × E8
or Spin(32)/Z2 is untouched by O(6, 6,Z). In four dimensions and at special values of the
background (corresponding to self-dual points w.r.t some element of O(6, 6,Z)) the U(1)6 factor
in the gauge group can be promoted to a non-Abelian group. For instance, at the self-dual
point of a circle compactification, U(1) is promoted to SU(2) as was discussed in section 2.6.
Since the SU(2) states have nonzero winding number on T 6, they cannot be described by a
field-theoretical Kaluza-Klein mechanism. Generically, though, the LEEA containing modes
with zero winding or T 6 momenta will offer an adequate description of low energy physics.
The key observation is that an N = 4 supersymmetric Lagrangian with at most two deriva-
tives in the fields is completely determined by its gauge group [74, 75, 28, 279]. In other words,
the Ward identities of N = 4 are so strong as to completely fix the Lagrangian in terms of the
gauge-group structure constants.
The most general N = 4 supersymmetric Lagrangian coupled to gravity contains two types
of multiplets [113]: the gauge matter multiplet and the gravitational multiplet. The gauge
matter multiplet is
(AAµ , ψ
A
i , Z
A
ij ), Z
A
ij = −ZAji, ZA ij ≡ (ZAij )∗ =
1
2
ǫijklZAkl. (2.7.2)
The multiplet contains a vector, two Majorana spinors and six real scalars, all belonging to
the adjoint of the gauge group G. The indices i, j, ... = 1, 2, 3, 4 are the so-called extension
indices: they label the four supersymmetry charges, and span the fundamental representation
of SU(4) [113, 16].
The gravitational multiplet contains one spin-2 field (the graviton), four spin-3/2 (gravitini),
six spin-1 (graviphotons), four spin-1/2 and one complex scalar
(gµν , ψi µ, Aij µ, ψi, φ), Aij µ = −Aji µ, Aijµ ≡ (Aij µ)∗ =
1
2
ǫijklAkl µ. (2.7.3)
The most general Lagrangian containing these multiplets can be found using superconformal
techniques [74, 75, 279]. Without entering into details, let us recall some useful notations.
The physical (Poincare´) multiplets (2.7.2, 2.7.3) can be re-expressed in terms of the following
superconformal multiplets:
a) Superconformal matter
(ASµ , ψ
S
i , Z
S
ij), S = 1, ..., n+ 6. (2.7.4)
b) Conformal-supergravity multiplet
(gµν , ψi µ, ψi, φ). (2.7.5)
12 The extra U(1)6, coming from the heterotic right-movers, corresponds to the graviphotons in the N = 4
gravitational supermultiplet.
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Here n is the dimension of the gauge group. Multiplets (2.7.4, 2.7.5) contain more degrees of
freedom than (2.7.2, 2.7.3). In order to eliminate these degrees of freedom one introduces the
constraints [279]
ηSTZ
S
ijZ
T kl = −δ[ki δl]j , ηSTZSijψTk = 0. (2.7.6)
Here ηST = diag(−I6,+I22) is the Lorentz metric of signature (6, 22). The physical scalar and
spin-1/2 fields have index S = 7, ..., n+6, the first six scalars and spin-1/2 are non-propagating
auxiliary fields [74, 75, 28, 279].
The most general N = 4 Lagrangian can be written in terms of these superconformal
fields [74, 75]. We write down here the bosonic Lagrangian only. Fermionic terms, obviously,
are uniquely fixed by supersymmetry13.
e−1L = ηRS
{
−1
4
ψ
φ
F+Rµν F
µν +S − 1
4
DµZ
R
ijD
µZ ij S
+
1
2
φ∗
φ
K+Rµν K
µν +S
}
− 1
4
R(ω) + 4ℜDµφDµψ∗
+
1
8
EijE
ij + ηRS
{
1
4
|φ|2W j Ri W i Sj +
1
3
EijXRSij φ
∗
}
(2.7.7)
In eq. (2.7.7) ℜφψ∗ = 1, e ≡ det eaµ, and we have used the following notation [74, 75]
F+ Rµν =
1
2
FRµν +
1
4
e−1ǫµνρσF
ρσ R, DµZ
P
ij = ∂µZ
P
ij + f
P
QRA
Q
µZ
R
ij
XRSij = Z
T
ikZ
kl RZUlj f
S
TU , W
j R
i = Z
S
ikZ
kj TfRST
Eij = −4
3
φ∗ηRSX
RS
ij , K
+ R
µν =
1
φ∗
Z ij RF+ Sµν Z
T
ijηST . (2.7.8)
As usual, fPQR denote the gauge-group structure constants. The fields Z
S
ij include 36 non-
propagating scalars. Notice that the indices ij parametrize the antisymmetric representation
of SU(4) (which is isomorphic to the vectorial of SO(6)). The n + 6 scalars ZSij , due to the
constraints (2.7.6) parametrize the coset manifold O(6, n)/(O(6)× O(n)). The indices S, T ,
etc. are both in the adjoint of the gauge group, and in the fundamental of O(6, n). Therefore
the allowed gauge groups G of N = 4 supergravity are those satisfying Adj G ⊂ V ect SO(6, n).
Notice that in eq. (2.7.7) the n matter gauge fields and the six graviphotons group together
naturally in F Sµν , S = 1, ..., n+6. This grouping is due to the fact that the “parent” conformal-
supersymmetry spin-1 fields all belong to superconformal matter, and not to the multiplet of
superconformal gravity (2.7.5).
It must be noticed that the gauge group can be non-compact if Adj G does not belong to
SO(6)×SO(n), that is, if the gauge group acts nontrivially on both physical and compensating
13This Lagrangian could be further generalized [74, 75] at the price of reducing the kinetic-term duality
group [121]. This goes exactly in the opposite direction of our program of finding the maximally duality-invariant
LEEA.
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multiplets (2.7.4). A generic toroidal compactification on Γ(6,6) ⊕ Γ(0,16), on the other hand,
yields the compact gauge group G = U(1)6 ×G, with G either E8×E8 or Spin(32)/Z2. In this
case
fPQR = 0, P,Q,R = 1, ..., 12. (2.7.9)
Lagrangian (2.7.7), when all fPQR = 0, is invariant under the following non-compact transfor-
mation
ZSij → ΛSTZTij , F Sµν → ΛSTF Tµν , ΛPSΛQT ηPQ = ηST . (2.7.10)
This O(6, n) symmetry is explicitly broken by the structure-constant dependent terms. When
G = U(1)6 ×G the residual non-compact symmetry is O(6, 6).
This result means that the LEEA involving massless modes possesses indeed the O(6, 6,Z)
symmetry we found in the worldsheet analysis of sections 2.4, 2.5. In fact, the residual symmetry
of the LEEA eq. (2.7.7) is even larger than expected: it is a continuous group O(6, 6,R) instead
of a discrete one14. When higher derivative terms (O(α′)) are included in the LEEA, the
invariance group is expected to break down to O(6, 6,Z). This latter group, being an invariance
of the underlying worldsheet conformal theory, is an exact symmetry of the LEEA, to all orders
in α′.
We have just found how easy it is to write down a LEEA invariant under the O(6, 6,Z)
subgroup of the full duality group O(6, 22,Z). This happens because O(6, 6,Z) transforms the
marginal modes into themselves. On the other hand, constructing a LEEA invariant under
O(6, 22,Z) is a more complex endeavor. Indeed, within O(6, 22,Z) there exist elements trans-
forming states that are massless for any background of the form Γ(6,6)⊕Γ(0,16) into ultra-massive
ones. This fact is due to the non-Abelian character of the gauge group. Explicitly, E8×E8 states
outside the Cartan subalgebra are mapped into massive modes under generic O(6, 22,Z) trans-
formations. Moreover, the typical orbit of a string state under O(6, 22,Z) contains an infinite
number of points. Still, since string backgrounds related by duality yield the same physics, we
do expect an O(6, 22,Z)-invariant LEEA to exist. This LEEA may contain an infinite number
of fields, and even ghosts, provided their masses are always of the order of the compactification
scale R, or larger. The essential requirement we must impose on the O(6, 22,Z)-invariant LEEA
is to reproduce the correct physics at energies E ≪ R−1, α′−1R. The next section is devoted to
the construction of such LEEA.
14 The dilaton ℜS ≡ ℜ(ψ/φ) = |φ|−2 in (2.7.7) is the duality invariant one (see subsection 4.2.4 for more
details).
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2.8 A Completely Duality-Invariant Low-Energy Effective Action for
the N = 4 Heterotic String
In the moduli space of toroidal compactifications there is an infinite number of special points
where massive modes become massless. These points correspond to systems with an enhanced
affine symmetry. Massless fields become massive at the neighborhood of such points by the
Higgs mechanism. The generalized duality group mixes massless modes with massive modes
that might become massless at some point of the moduli space. Therefore, the LEEA should
contain all the fields which correspond to string states that become massless at some point of the
moduli space. The number of such fields is infinite, and on a given background all except a finite
number of them are very massive. In this section we present the relevant structure constants
of the infinite dimensional “Duality Invariant String Gauge algebra” (DISG). We justify the
name given to this group by showing that the Higgs mechanism in the LEEA coincides with
the stringy Higgs mechanism. Namely, the masses of the LEEA scalar fields coincide with the
string spectrum at the particular background. We also show the invariance of the LEEA under
the action of the generalized duality group O(6, 22,Z), and the structure of the DISG algebra.
Our analysis follows closely ref. [144]
Since the form of a gauged D = 4, N = 4 supergravity (with at most two space-time
derivatives) coupled to matter multiplets is determined by the knowledge of the gauge group [74,
75, 279, 28], one has only the freedom to choose the right number of matter multiplets and the
correct gauge group in order to figure out completely the LEEA of the string. Let us start from
the solution and present the matter multiplets and the structure constants of the DISG algebra
which are relevant for D = 4 low energy physics.
The scalar fields which are relevant for D = 4 low energy physics ZSa , a = 1, ..., 6
15,
S = 1, ....,∞ will be labeled as follows:
Zba, Z
I
a , Z
p
a , Z
−p
a ≡ Z¯pa ,
p ∈ Γ(6,22), pηp = 2, a, b = 1, .., 6, I = 7, .., 28, (2.8.1)
where Γ(6,22) is an even self-dual Lorentzian lattice of signature (6, 22). The “momentum”
p = (pL, pR) has 6 left-handed components p
a
L, a = 1, ..., 6, and 22 right-handed components
pIR, I = 7, ..., 28. This is the Narain lattice of the string toroidal compactification [236, 238].
The scalar product is Lorentzian, pηq = −paLqaL + pIRqIR, where L(R) denote left-handed (right-
handed) momenta. The indices (b, I) refer to the Cartan Sub-Algebra (CSA), while the p indices
are of the Lorentzian length two generalized roots (and therefore their number is infinite). These
fields live on the infinite dimensional coset space
O(6,∞,R)
O(6,R)× O(∞,R). (2.8.2)
15We used here the isomorphism between the vector representation of SO(6), indexed by a, and the antisym-
metric of SU(4), indexed by ij.
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The structure constants of the gauge group which are relevant for D = 4 low energy physics
are
f rpq = ε(p, q)δ
r
p+q, f
I
p,−p = −ipI , f qIp = −ipIδqp, f bp,−p = −ipb,
f qbp = −ipbδqp, pηp = qηq = rηr = 2. (2.8.3)
The two cocycle ε(p, q) satisfies the identities
ε(p, q)ε(p+ q, r) = ε(p, q + r)ε(q, r),
ε(p, q) = (−1)pηqε(q, p), ε(p,−p) = 1, (2.8.4)
and
ε(p, q) = ε(q,−p− q). (2.8.5)
When p and q are the roots of a finite dimensional gauge group g, the ε(p, q) reduce to the
structure constants of g in the Cartan-Weyl basis [165, 19, 117]. As demonstrated in [117]
ε(p, q) can be extended to all vectors in Γ(6,22). An elegant explicit construction of ε(p, q) has
been given in [155].
The set of structure constants in (2.8.3) is not sufficient to close a Lie algebra. The Lie
algebra that contains all fields presented in (2.8.3) and preserves the D = 4 low energy physics
is the DISG algebra. We will elaborate on the DISG algebra later on. Meanwhile, we will
consider only the sub-set of generators discussed above.
The metric η is easily extended from the CSA to the generators which are relevant for the
D = 4 low energy theory by defining ηp,−p = η−p,p = 1, and setting all other components to
zero. By lowering with this metric all indices, one finds that the structure constants fQST are
completely antisymmetric, due to (2.8.5).
Using the infinite dimensional DISG as the gauge group of the low energy D = 4, N = 4
supergravity theory means to use the structure constants (2.8.3) in the action (2.7.7). The
covariant derivatives and the scalar potential are obtained upon substituting the structure con-
stants (2.8.3) into equations (2.7.7) and (2.7.8). Let us show, at first, that the Higgs mechanism
of the LEEA coincides with the stringy Higgs mechanism.
The simplest zero cosmological constant minima of the action (2.7.7) lie in the CSA. The
value of the cosmological constant is found by writing down the scalar potential
V =
1
4
|φ|2ZQUZSV (ηTW + 2
3
ZTW )fQSTfUVW , Z
PQ ≡ ZPa ZQa . (2.8.6)
Let us expand the scalar fields around a VEV in the CSA,
ZSa = C
b
aδ
S
b + C
I
aδ
S
I + ζ
S
a , (2.8.7)
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where Cba, C
I
a , a, b = 1, .., 6, I = 7, .., 28, are constants and the constraint (2.7.6) is satisfied. A
rotation of ZSa to
(Z ′)S
′
a = Z
S
aM
S′
S, (2.8.8)
where M ∈ O(6,∞,R), preserves the scalar quadratic constraint (2.7.6) (which now reads
ηSTZ
S
a Z
T
b = −δab). Changing the VEV of the scalar fields to new ones in the CSA can be done
by a rotation in O(6, 22,R) ⊂ O(6,∞,R).
Under the orthogonal transformation (2.8.8), the scalar potential V transforms into
V ′ =
1
4
|φ|2(Z ′)QU(Z ′)SV (ηTW + 2
3
(Z ′)TW )fQSTfUVW
=
1
4
ZQUZSV (ηTW +
2
3
ZTW )f ′QSTf
′
UVW , (2.8.9)
where
f ′QST = (M
−1) T
′
T (M
−1) Q
′
Q fQ′S′T ′M
S′
S. (2.8.10)
Thus changing the VEV of the Higgs fields in the CSA is equivalent to a transformation of the
structure constants (2.8.3), given by an O(6, 22,R) rotation of Γ(6,22) (i.e. a rotation of the
“momenta” labels p). This transformation is an isomorphism of the gauge algebra. Finding the
mass spectrum of the theory on an arbitrary VEV is now very simple.
Using the field redefinition described above, one can always choose a zero cosmological
constant minimum to lie at
φ = 1, Zba = δ
b
a, a, b = 1, .., 6,
ZIa = 0, I = 7, ..., 28, Z
p
a = 0 ∀p ∈ Γ(6,22). (2.8.11)
Around this point the mass spectrum of the effective action is exactly that predicted by string
theory. This is easily checked by looking at the mass term of the gauge boson Apµ. Using
eqs. (2.7.8, 2.8.3, 2.8.7) one finds
1
2
ηpqDµZ
p
aD
µZaq =
1
2
∂µζ
p
a∂
µζa −p + i∂µζpaf
a
pqA
q
µ −
1
2
Aqµf
p
qaA
µrfarp + ...
=
1
2
∂µζ
p
a∂
µζa −p + pa∂µζpaA
−p
µ +
1
2
pap
aApµA
µ −p + ...
(2.8.12)
In (2.8.12) we chose the string tension to be α′ = 1, and ‘...’ stands for higher-order terms.
The gauge-vector kinetic term is FµνF
µν/4, thus the mass of the gauge boson Apµ is
m2p = pap
a, a = 1, ..., 6. (2.8.13)
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This is exactly the mass of a string vector boson with internal momentum p = (pL, pR), s.t. the
components of pL are pa
16. The field paζpa in equation (2.8.12) is the Goldstone boson. The
appearance of the correct masses and the Goldstone boson can be rechecked by expanding the
scalar potential (2.8.6) up to quadratic terms in the fluctuations around the point (2.8.11). One
finds:
V = (papa)ζ
bpζ−pb − papbζpaζ−pb + o(ζ3). (2.8.14)
Equation (2.8.14) gives five scalars with mass papa and one massless scalar for each nonzero p.
The massless scalars are, naturally, the Goldstone bosons of the broken generators of the gauge
group.
It is important to realize that, since the infinite dimensional gauge group acts nontrivially
on the compensators Zab , and since the latter can never vanish, because of constraint (2.7.6), the
gauge symmetry is always broken to some finite dimensional rank 22 group g times the U(1)6
(originated by the left-handed sector of the string). The unbroken gauge group is generically
U(1)22, however, it is extended to bigger rank 22 groups at special VEVs 17. In the neighborhood
of such VEV the N = 4 supergravity is reduced to a gauged D = 4, N = 4 supergravity with a
finite dimensional gauge group g.
The condition for a transformation M in (2.8.8) to be a residual symmetry of the LEEA is
f ′QST = fQST , (2.8.15)
where f ′QST is defined in (2.8.10), i.e. M is an automorphism of the gauge group. By construc-
tion, the full duality group O(6, 22,Z) is a symmetry of the LEEA. This is because O(6, 22,Z)
is the Weyl group of the gauge algebra 18.
We pass now to the determination of the gauge group of the duality invariant low-energy
effective action. As mentioned before, duality implies that massive states are to be included as
well. For example, we must include those states which become massless on some background,
together with all states related to them by duality. It should be stressed, on the other hand, that
the LEEA, by definition, gives the correct string dynamics only for those processes involving
light particles, with energies far below the string (or Planck) scale. For this reason the complete
spectrum of the LEEA needs not (and indeed does not) coincide with the string spectrum. Only
states related by duality to massless ones must coincide.
16The string vertex corresponding to the field Apµ is ψµe
i(pLax
a
L
+pRIx
I
R
). The mass and left-right level matching
condition are given by: m2 = m2L = m
2
R, where
1
2m
2
L =
1
2 +
1
2p
2
L − 12 = 12p2L (the first 1/2 is the conformal
dimension of the worldsheet fermion and the −1/2 is the normal ordering constant in the NS sector) and
1
2m
2
R =
1
2p
2
R − 1 (the −1 is the normal ordering constant of the bosonic right-handed sector).
17In string theory this corresponds to points in the moduli space with an enhanced affine symmetry.
18For gauged N = 4 supergravity with a finite gauge group g the automorphism group of g is a subgroup of
O(6, 22,Z) which leaves the enhanced symmetry point in the moduli space fixed [141], as discussed from the
worldsheet point of view in section 2.6.
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The strategy for determining the LEEA reads as follows. We determine first the string-
theoretical three-point functions of those spin-one fields ASµ that become massless at some point
of the moduli space. We then take the low-momentum limit of these three-point functions by
defining an appropriate off-shell continuation. From these three-point functions we extract a set
of structure constants fSTU . Finally, we find a Lie algebra whose structure constants coincide
with fSTU when evaluated on the original states A
S
µ .
The spin-one states which become massless at some point of the moduli space are of two
kinds. The first one is made of vectors which are massless on all backgrounds
εµV
aµ(p) =
∫
dθd2zεµDθX
a∂¯Xµ exp(ipνX
ν)(θ, z, z¯), a = 1, .., 6,
εµV
Iµ(p) =
∫
dθd2zεµDθX
µ∂¯XI exp(ipνX
ν)(θ, z, z¯), I = 7, .., 28.
(2.8.16)
Here εµ is a polarization vector obeying εµp
µ = 0; the vector p is the space-time momentum
with components pµ; X is a heterotic superfield, i.e. its left-handed part is 2-d supersymmetric,
X(z, z¯, θ) = XL(z¯) +XR(z) + θψ(z), and Dθ is a spinorial derivative, Dθ = ∂θ + θ∂.
The second one includes all spin-one fields which, at particular points of the moduli space,
extend the Abelian U(1)28 symmetry generated by (2.8.16) to larger non-Abelian symmetries.
The vertices corresponding to these fields are
εµV
pµ(p) =
∫
dθd2zC(p)εµDθX
µ exp(ipaX
a
L + ipIX
I
R + ipνX
ν)(θ, z, z¯),
−p2a + p2I = 2. (2.8.17)
In eq. (2.8.17) C(p) is an operator defined for every internal lattice vector p and obeying [117,
162]
C(p)C(q) = ε(p, q)C(p+ q). (2.8.18)
The two cocycle ε(p, q) satisfies the compatibility conditions (2.8.4) and (2.8.5). Its presence is
necessary in order to reproduce the correct commutators for the unbroken Lie algebra on the
vectors pa = 0, p
2
I = 2 [117].
The spin one states (2.8.16) and (2.8.17) give rise to (broken) gauge symmetries, at least in
that they give rise to the correct (on-shell) Ward identities [158, 277, 220, 218]
pµV
aµ ≈ 0, pµV Iµ ≈ 0, pµV pµ + paV pa ≈ 0. (2.8.19)
Here ≈ denotes an on-shell equality, and V pa is the scalar-field vertex
V pa(p) =
∫
dθd2zC(p)DθX
a exp(ipaX
a
L + ipIX
I
R + ipνX
ν)(θ, z, z¯),
−p2a + p2I = 2. (2.8.20)
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From eq. (2.8.19) one can recover an off-shell gauge invariance of the effective action, as shown
in [244].
Besides (2.8.16) and (2.8.17), other fields may become (almost) massless in the appropriate
regions of the moduli space. They are characterized by lattice vectors of zero (Lorentzian) norm
−p2a + p2I = 0. These states become exactly massless at the boundary of the moduli space,
that is (for example) when some of the compactification radii R → ∞. Since this limit gives
rise to a higher dimensional theory, we shall not include those fields. Our aim is only to build
a four-dimensional effective action. This action makes sense only when the dimensions of the
compactified space are O(M−1P l ), where MP l is the Planck mass.
Let us evaluate the relevant three-point functions involving the vector fields (2.8.16) and (2.8.17).
We define the off-shell three-point function according to ref. [211, 210] as
Vijk = lim
ǫ→0
〈0|h2 ◦ Vi(ǫ)h ◦ Vj(ǫ)Vk(ǫ)|0〉
= lim
ǫ→0
[h′(h(ǫ))h′(ǫ)]dih′(ǫ)dj 〈0|Vi(h2(ǫ))Vj(h(ǫ))Vk(ǫ)|0〉. (2.8.21)
In eq. (2.8.21) h denotes the SL(2,C) transformation sending ∞→ 0, 0→ 1, 1→∞, i.e.
h(z, z¯) = (h, h¯) =
(
1
1− z ,
1
1− z¯
)
, (2.8.22)
and h′ = |∂h|2. The suffix di is the conformal weight of the vertex Vi, which also includes
reparametrization (and super-reparametrization) ghosts. Obviously di = 0 for on-shell vertices.
In eqs. (2.8.16) and (2.8.17) we represented all vector vertices in the zero-ghost picture [119].
Actually it is convenient to use several different pictures simultaneously. In the −1 picture, the
vertices in eq. (2.8.17) read, e.g.
εµV
µp
(−1)(z, z¯) = εµC(p)ψ
µ exp(−φ) exp(ipaXaL + ipIXIR + ipνXν)cc¯(z, z¯). (2.8.23)
Here c and c¯ are the reparametrization ghosts, and φ(z, z¯) is the bosonized supersymmetry
ghost [119]. ψµ(z) is the fermionic superpartner of ∂Xµ(z).
Let us evaluate
VPQR = lim
ǫ→0
〈0|h2 ◦ εV p(0)(p)(ǫ)h ◦ εV q(−1)(q)(ǫ)εV r(−1)(r)(ǫ)|0〉. (2.8.24)
We need the following correlation functions
〈exp(−φ)( 1
1− ǫ) exp(−φ)(ǫ)〉 = 1 +O(ǫ),
〈(p · ψ)ψµ(1/ǫ)ψρ(1)ψσ(0)〉 = ǫ2(gµρpσ − gµσpρ)
+O(ǫ3),
〈exp(iPX)(1/ǫ) exp(iQX)(1) exp(iRX)(0)〉 = ǫP 2 [1 +O(ǫ)],
〈∂Xµ exp(iPX)(1/ǫ)ψρ exp(iQX)(1)ψσ exp(iRX)(0)〉 = i[−pµǫP 2+1 +
qµǫP
2+2]gρσ +O(ǫP
2+3). (2.8.25)
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Here P + Q + R = 0, where P = (pa, pI , pν) is the total momentum vector, and g
µν is the
space-time metric. The 〈〉 in the first line of (2.8.25) includes the insertion of the charge at
infinity exp 2φ0, where φ0 is the zero mode of φ. Substituting eqs. (2.8.25) in definition (2.8.24)
we find, taking into account the transversality of the polarization vectors ε,
VPQR = iεµpερqεσr(g
µρpσ + gµσrρ + gρσqµ)ε(p, q). (2.8.26)
In (2.8.26) the two cocycle ε(p, q) is a function of only the internal momenta, as C(p) in
eqs. (2.8.17, 2.8.18) depends only on the internal lattice vectors.
The other three-point functions we need are
VaQR = lim
ǫ→0
〈0|h2 ◦ V a(0)(p)(ǫ)h ◦ εV q(−1)(q)(ǫ)εV r(−1)(r)(ǫ)|0〉, (2.8.27)
and
VIQR = lim
ǫ→0
〈0|h2 ◦ V I(0)(p)(ǫ)h ◦ εV q(−1)(q)(ǫ)εV r(−1)(r)(ǫ)|0〉. (2.8.28)
By calculations similar to those leading to eq. (2.8.26), and since
〈∂¯Xµ∂Xa exp(iPX)(1/ǫ)ψρ exp(iQX)(1)ψσ exp(iRX)(0)〉 =
−gρσqaqµǫP 2+2 +O(ǫP 2+3), (2.8.29)
we find
VaQR = −εµpερqεσrgρσqµqa,
VIQR = −εµpερqεσr(gµρpσ + gµσrρ + gρσqµ)qI ,
P +Q+R = 0, P = (0,p). (2.8.30)
Now, we must compare eqs. (2.8.26) and (2.8.30) with the three-point functions one gets
from an N = 4 supergravity Lagrangian discussed in section 2.7. By eliminating auxiliary fields
and expanding the N = 4 Lagrangian around the background (2.8.11) (see for example [28]),
we find the kinetic term
1
4
∑
a
F aµνF
a µν +
1
4
∑
K,K ′
FKµνF
K ′ µνηKK ′. (2.8.31)
Notice that the graviphotons Aaµ appear with positive signature. The index K = (I, p) labels
all spin-one gauge fields belonging to vector multiplets. The term, trilinear in the vector fields,
that we get from (2.8.31) is
∂µAνafaKLA
K
µ A
L
ν + ∂
µAνKfK
′
aLA
a
µA
L
ν ηKK ′+
∂µAνKfK
′
LaA
L
µA
a
νηKK ′ + ∂
µAνKfK
′
LMA
L
µA
M
ν ηKK ′. (2.8.32)
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Recalling that the indices a, K are lowered with the matrix ηST which obeys ηab = −δab,
a = 1, .., 6, and that fSTU must be completely antisymmetric [74, 75, 28, 143], we cast (2.8.32)
in the following form
− ∂µAνKfaKLAaµALν + ∂µAνKfKLMALµAMν . (2.8.33)
By substituting to the ASµ of eq. (2.8.33) the appropriate transverse plane waves, we find the
three-point functions
VaKL = −iεµpερqεσrgρσqµfaKL,
VKLM = iεµpερqεσr(g
ρσqµ + gµσrρ + gµρpσ)fKLM . (2.8.34)
Comparing eq. (2.8.34) with eqs. (2.8.26) and (2.8.30) we get
faqr = −iqa, fIqr = −iqI , fpqr = ε(p, q), (2.8.35)
which are the structure constants in eq. (2.8.3).
Next, we ought to find a Lie algebra whose structure constants include those given in (2.8.35).
This algebra can be defined as follows [155, 143, 144]. Let us consider twenty-eight free bosonic
fields with correlation functions
〈XA(z)XB(w)〉 = −ηAB log(z − w), A,B = 1, .., 28. (2.8.36)
Here ηAB = diag(−16, 122). Notice that these fields are chiral.
Let us further compactify the bosonic fields on a (6, 22) Lorentzian even self-dual lattice
Γ(6,22). Let us denote, as before, with Xa(z) the six negative-metric bosons, and with XI(z) the
other twenty two positive metric bosons. For each lattice vector of Lorentzian norm pApBηAB =
2, we associate a chiral vertex operator
V p =
∮
dz
2πi
C(p) exp(ipAX
A)(z), pApBηAB = 2. (2.8.37)
The vertices (2.8.37), together with
V A =
∮ dz
2πi
∂XA(z), A = 1, .., 28, (2.8.38)
give rise to a Lie algebra g, whose elements are (2.8.37) and (2.8.38) together with all possible
multiple commutators of the V p. This algebra is a particular example of (indefinite-signature)
lattice algebra [155]. In some cases lattice algebras reduce to hyperbolic, affine or finite Kac-
Moody algebras [155, 180]. The vertices V A span a maximal commuting subalgebra [155], which
plays the role of the Cartan subalgebra. The rank of g is thus finite (and equal to 28, in our
example).
57
Two facts ought to be noticed now. The first one is that, as shown in the following, there
exist a g invariant non-degenerate two form η, with at least six negative eigenvalues, which
reduces to ηAB on the Cartan subalgebra. This implies the identity
fVSTηV U + f
V
SUηTV = 0. (2.8.39)
Here S, T, U, V label the generators of g. Identity (2.8.39) is indispensable for the construction
of an N = 4 supersymmetric Lagrangian [74, 75, 28, 279].
The second fact we should emphasize is that in g there are many states actually not present
in the string spectrum. This is not a serious problem for our construction, anyway. We are in
fact interested in constructing only a duality-invariant low-energy effective action. All new states
introduced by the definition of g have masses O(MP l) for all values of the lattice momenta p
A
corresponding to four-dimensional compactifications of the heterotic string. The only region in
which some of the additional states may become light corresponds to the decompactification limit
mentioned earlier in this section. In this limit some states with momenta obeying pApBηAB = 0
may become almost massless. On the other hand, a 4-D low-energy effective action cannot
be expected to correctly describe a higher dimensional theory. The Kaluza-Klein spectrum is
indeed truncated down to the lightest states from the very beginning. A phenomenon similar to
the one encountered here has already been noticed in the past, in connection with the study of
string effective actions. In [90, 51] e.g., it was shown that by adding higher derivative terms to
the effective Lagrangian of both the bosonic [90] and heterotic [90, 51] strings, additional states
of mass O(MP l), as well as ultramassive ghosts, may propagate on a generic background. This
is the price paid for truncating the higher spin modes of the string.
We pass now to a more detailed study of the DISG algebra g. The simplest new states that
one finds by taking the commutator of two vertices (2.8.37) are
[V p, V q] = ε(p, q)
∮
dz
2πi
C(p+ q)pB∂X
B exp i(pA + qA)X
A(z),
(pA + qA)(p
A + qA) = 0 A,B = 1, .., 28. (2.8.40)
In other terms, by taking the commutator of two vertices (2.8.37), corresponding to momenta
obeying pηq = −2, one finds “photon” states of the form∮
dz
2πi
C(p)ξA∂X
A exp(ipAX
A)(z), pAp
A = 0, pAξ
A = 0. (2.8.41)
The mass of the states one gets from formula (2.8.13), is only small in the decompactification
limit, in which, as previously stressed, the whole effective action approach looses meaning. The
low energy dynamics of strings is therefore not affected by the presence of these new “photon”
states.
The states with pηp = −2, whose mass square is always larger than M2P l, read
V p(ξAB, ξA) =
∮
dz
2πi
C(p)(ξAB∂X
A∂XB + ξA∂
2XA) exp(ipAX
A)(z), (2.8.42)
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where the coefficients ξAB, ξA obey
ηABξAB = 0, ξABp
B = ξBAp
B = ξA, ξAp
A = 0. (2.8.43)
Notice that some of the states (2.8.41) and (2.8.42) have negative norm. Their presence is to
be expected, since we are dealing with a model possessing six time-like coordinates. In this
case, the Virasoro constraints (see eq. (2.8.45) below) cannot, by themselves alone, eliminate
all ghosts. The same remarks given previously apply to these ghost states: their mass is always
O(MP l).
All elements of g are line integrals of primary fields of conformal weight one of the Virasoro
algebra generated by
L(z) = −1
2
ηAB∂X
A∂XB(z). (2.8.44)
This statement is easily proven, since it holds true for all states given in (2.8.37) and (2.8.38),
and the Jacobi identity together with [Ln, A] = [Ln, B] = 0 imply
[Ln, [A,B]] = [[Ln, A], B]− [[Ln, B], A] = 0, n ≥ 0. (2.8.45)
To define an invariant tensor ηST on all elements of g is equally easy. Indeed, by writing the
elements of g as
V S =
∮ dz
2πi
φS(z), (2.8.46)
where φS(z) is a primary field of conformal dimension one, and denoting with |0〉 the SL(2,C)
invariant vacuum of (2.8.44), we may define ηST as
ηST = lim
ǫ→0
1
ǫ2
〈0|φS(−1/ǫ)φT (ǫ)|0〉. (2.8.47)
This definition is nothing but the BPZ scalar product [26]. Hermiticity of ηST is therefore
immediate [26]. The invariance of (2.8.47) is proven by using representation (2.8.46) for the
elements of g, and by use of the Cauchy theorem
fVSTηV U + f
V
SUηTV = limǫ→0
〈0|
∮
C
dz
2πi
φS(z)
1
ǫ2
φT (−1/ǫ)φU(ǫ)|0〉 = 0, (2.8.48)
where C is a contour encircling both points ǫ and −1/ǫ.
As we recalled earlier, the invariant metric ηST has more than six negative eigenvalues. This
simply signals the limits of validity of the LEEA approach. Gauged N = 4 supergravity can be
constructed for any invariant tensor obeying eq. (2.8.39) and of signature (6+n,m) [74, 75, 28,
279]. In this case the N = 4 matter scalars live on the coset manifold
O(6 + n,m,R)
O(6,R)× O(n,m,R) , (2.8.49)
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and as expected there are scalar ghosts propagating19.
The fundamental property of the DISG algebra g is that its automorphism group contains
the duality group O(6, 22,Z), as mentioned before. Since all elements of g can be written as
commutators of elements (2.8.37) and (2.8.38), we need only to show that O(6, 22,Z) acts as
an algebra isomorphism on these elements. Let us define the action of O(6, 22,Z) on g by
XA(z)→ ΛABXB(z), pA → (Λ−1)ABpB, ΛAB ∈ O(6, 22,Z). (2.8.50)
By inspection of eqs. (2.8.37) and (2.8.38), O(6, 22,Z) is an isomorphism if
C(Λ−1p) = Λˆ−1C(p)Λˆ. (2.8.51)
The linear operator Λˆ acts on the same Hilbert space on which C(p) is defined. Property (2.8.51)
is demonstrated in the appendix of ref. [144], where an explicit construction of Λˆ, ε(p, q), and
C(p) is given.
The DISG contains infinitely many affine Lie algebras. To see this, let us select a set of
vectors p of Γ(6,22) of the form
p = (0, 0, 0, 0, 0, 0, α), α2 = 2. (2.8.52)
Let us choose the α so that they generate a finite dimensional Lie algebra, say SO(44)×U(1)6.
Let us further select a vector p0 ∈ Γ(6,22) of zero norm p0ηp0 = 0, and orthogonal to all α. Define
now the generators
Eαn ≡ V α+np0, HAn =
∮
dz
2πi
C(np0)∂X
A exp(inp0AX
A)(z). (2.8.53)
The commutators of these generators read
[Eαn , E
β
m] =


ε(α, β)Eα+βn+m α · β = −1
αAH
A
m+n +mδm,−np0ηH0 α = −β
0 otherwise
[HAn , E
α
m] = α
AEαn+m, [H
A
n , H
B
m] = mδ
ABδm,−np0ηH0. (2.8.54)
Here we made use of the equation
p0AH
A
m =
∮ dz
2πi
p0A∂X
A exp(imp0AX
A)(z) = 0, if m 6= 0. (2.8.55)
This identity holds because the integrand can be written as a total derivative. It is immediate
to recognize in eq. (2.8.54) the commutation relations of an affine Lie algebra of level p0ηH [180,
229, 21].
19Together with their supersymmetric partners.
60
To conclude this section, let us notice that there is a way of avoiding ghosts in an effective
action which includes massive fields. One can indeed pick up twenty-eight linearly independent
positive lattice vectors pi, i = 1, .., 28, of Lorentzian length two and such that piηpj ≥ 0 and
form with them a (hyperbolic) Kac-Moody algebra. The procedure is standard [180]. To any
length-two vector ±pi, one associates a generator V±pi. One then considers the algebra G freely
generated by the V±pi, the vertices V
A, A = 1, .., 28, and the commutation relations
[Vpi, V−pj ] =


ε(pi,−pj)Vpi−pj piηpj = 1
piAV
A i = j
0 otherwise
[Vpi, Vpj ] = 0, [V
A, V±pi] = ±pAi V±pi,
[V A, V B] = 0, A,B = 1, .., 28. (2.8.56)
By dividing G by the (unique) maximal ideal commuting with all V A one defines a hyperbolic
Kac-Moody algebra Gˆ [180, 229].
Among the known properties of Gˆ there is the following: there exists an invariant Hermitian
form ηST , reducing to ηAB on the Cartan subalgebra, and positive definite outside it [180]. In
our case this means that there exists an η with only six negative eigenvalues. Thus, the algebra
Gˆ gives rise to a ghost-free N = 4 supergravity [74, 75, 279]. The problem is that this theory is
invariant only under a subgroup of O(6, 22,Z) 20. We think that complete duality invariance is
more important than the presence of non-physical ultramassive ghosts, which, anyway, become
relevant only at energies so high as to render the LEEA approach inapplicable. For this reason
we suggest that the relevant LEEA gauge algebra is the algebra of the DISG, i.e. g.
Finally, we comment about few relations with Closed-String Field Theory (CSFT).
In ref. [204] it was shown that O(d, d,Z) is a symmetry of CSFT of the bosonic string
expanded around flat backgrounds, as is suggested by the discussion of section 2.6. Moreover,
in ref. [138] it was shown that a truncation of the string field gives rise to an effective action
compatible to cubic order with the duality invariant LEEA for any choice of a cyclic string
vertex. From CSFT one may learn how to add the pηp = 0 modes to the effective action.
As we mentioned before, to construct the complete invariance algebra of the string, we must
add higher spin states to the algebra. To bypass this difficulty it is easier to study first the
gauge symmetries of the N = 2 string, as the higher spin modes are never physical in that case.
This was done in ref. [149]. A suggestion for the complete invariance algebra of the bosonic
string was put forward along the lines of this section in ref. [230].
We conclude here our study of the D = 4, N = 4 duality-invariant effective Lagrangian of
the heterotic string. In the next section we shall extend the analysis to more general compactifi-
20 This fact can be easily proven by noticing that any root of Gˆ is either positive or negative [180], and thus
Gˆ cannot contain all length two vectors of Γ(6,22).
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cations. In particular, we shall study string theory on orbifolds and Calabi-Yau manifolds from
the effective-action perspective and, briefly, from the (microscopic) worldsheet viewpoint.
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3 Duality and Discrete Symmetries of the Moduli Space
of Orbifold and Calabi-Yau Backgrounds
The previous section dealt with the case of toroidal compactifications of the heterotic string.
In order to make contact with phenomenology, on the other hand, strings must be compactified
on more complicated background as, for instance, orbifolds [86] or Calabi-Yau spaces [42]. In
these cases one may also define duality between seemingly different backgrounds.
Before discussing more complicated cases let us mention the simplest example of non-flat
compactification and its duality symmetry, namely the “orbicircle” example.
The orbicircle is defined by identifying the points x and −x on the circle x ≈ x + 2πRm,
m ∈ Z (see figure 1.D). This identification gives rise to a closed segment whose two boundary
points correspond to the fixed points under x → −x : x = 0 and x = πR. Even in this case
there is a duality transformation relating a length πR orbicircle with another one of length π/R.
This can be shown at the level of the spectrum [94] of the corresponding CFT along the lines
of section 2.2.
The orbicircle compactifications span a sub-space of c = 1 backgrounds. The moduli space
of c = 1 unitary CFTs is shown in figure 3.A [22, 80, 133, 195]. It consists of target spaces
which are circles of radius Rc, target spaces which are orbicircles of radius Ro, and three special
orbifolds [133]. These three points correspond to CFTs without marginal deformations. The
local dimension of the moduli space is zero at those points. Along the Rc- and Ro-line the
dimension is one. There is a special point where the two lines meet. At this point, a string
cannot distinguish if it moves on the circle or on the orbicircle. This point is the self-dual point
of the orbifold, with a symmetry enhanced from Z2 × Z2 to U(1)L × U(1)R.
We return now to compactifications to 4-D, in which case no complete classification is
presently available. A few particular examples of orbifold compactifications are studied in some
detail in section 3.1. The subject has been studied in more general or more complex situations
in several papers as, for instance, in refs. [207, 239, 209, 228, 291, 95, 97, 96, 99, 265, 266, 100,
98, 267, 17].
In section 3.2 we extend the analysis of sections 2.7 and 2.8 to the N = 1 and N = 2
orbifold case. Namely, we find 4-D effective actions invariant under the complete duality group
or subgroups thereof. N = 1 orbifolds are particular (singular) examples of Calabi-Yau spaces.
The effective actions for those compactifications are conveniently described using the language
of “special geometry,” which we introduce in section 3.3. The study of duality in Calabi-Yau
spaces is briefly surveyed in section 3.4. In the same section we also review various results
concerning the structure of the superpotential of N = 1 compactifications; it turns out that
duality significantly modifies the naively expected low energy physics.
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3.1 Duality in Orbifold Compactifications
Reducing N = 4 to N = 2, 1, 0 supersymmetry in four dimensions can be achieved in a simple
way by means of an orbifold construction [86]. A (symmetric) orbifold construction based on T 6
(the six-dimensional, compact, internal manifold generating Γ(6,6)), involves the following steps:
1. Identify points of T 6 conjugated by a group element g ∈ G. The group G is a symmetry of
T 6, e.g. a discrete rotation. In the following, for sake of simplicity, we shall take G = ZN .
This choice gives rise to an Abelian orbifold [86]. In general, the action of ZN on T
6
is not free. In other words, there exist points of T 6 which are invariant under ZN . For
instance, as mentioned above, the one dimensional torus T 1 (namely, a radius R circle)
can be modded out by the Z2 symmetry x → −x. This symmetry has two fixed points:
x = 0 and x = πR. The existence of fixed points means that the quotient space T 6/ZN is
not a smooth manifold, but rather possesses conical singularities. In spite of this fact, the
resulting string theory is consistent, unlike the corresponding Kaluza-Klein field theory.
Once ZN has been defined on the compactified coordinate, one defines its action on the
gauge indices. In the Z2 example, for the E8 × E8 heterotic string, one may decompose
one of the E8 factors of the gauge group into representations of the maximal E8-subgroup,
SU(2)×E7. Then, one may identify the Z2 acting on the torus coordinate with the center
of SU(2).
2. Project the Hilbert space H of the N = 4 heterotic string onto ZN invariant states.
Explicitly, the projection reads
P =
1
N
N∑
m=1
gm. (3.1.1)
Here g is the generator of ZN , obeying g
N = 1.
3. Unlike the field-theoretical case, this is not the end of the story. Indeed, one must also
take into account those string configurations that close only up to a ZN transformation:
XA(σ + 2π, τ) = (hX)A(σ, τ), h ∈ ZN . (3.1.2)
These configurations generate new string states. The Hilbert space they span is called the
twisted sector.
The N = 1 or N = 2 LEEA of an orbifold compactification contains two types of fields: the
untwisted ones, which form a subset of theN = 4 fields, and the twisted fields. The twisted fields
are new, additional fields, not present in the truncation of the N = 4 LEEA. Their Lagrangian,
therefore, is not fixed by supersymmetry and field-theoretical arguments alone 21.
21A remarkable exception is found in the fermionic construction of four-dimensional strings [10, 189]. In that
case one can figure out a Z2 truncation of a four-dimensional N = 2 theory which breaks supersymmetry to
N = 1 without introducing additional massless states. The LEEA for the massless states of the resulting N = 1
theory is determined by supersymmetry and a few other properties [104].
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In this section we find out what subgroup of the O(6, 6,Z) duality group survives the orbifold
truncation, and find the transformation laws of untwisted and twisted massless states under
such duality. The more ambitious problem of finding a LEEA, invariant under the O(6, 22,Z)
subgroup surviving the orbifold truncation, is (partially) answered in section 3.2.
The orbifold construction sketched above can be extended to a general Γ(6,22) compactifica-
tion [237]. Here we deal, for simplicity, with Γ(6,6) ⊕ Γ(0,16) (symmetric) orbifolds.
Let us define explicitly the action of ZN on the string coordinates. To keep the notation
simple we will consider the Z3 orbifold, giving rise to N = 1 supersymmetric theory. The
generalization to any ZN is done in [86].
First of all, by complexifying the six internal torus coordinates we may write
(gX)i(z, z¯) = e2πi/3X i(z, z¯), X ı¯ ≡ (X i)∗, i = 1, 2, 3, (3.1.3)
namely, from now on we work with the complex torus T 6 = (T 2)3. Notice that we choose a Z3
acting in the same way on all coordinates. By denoting with X(z¯)A, A = 1, ..., 16, the 16 chiral
left-moving bosons taking value in the maximal torus of E8 × E8 (or Spin(32)/Z2), we further
define
(gX)A(z¯) = XA(z¯) + 2πδA. (3.1.4)
The shift δA obeys 3
∑16
A=1 δ
ApA ∈ Z for all pA in Γ(0,16).
Equations (3.1.3, 3.1.4) induce the following transformation on the Γ(6,6) vector (kiL, k
i
R)
(gk)iL = e
2πi/3kiL, (gk)
i
R = e
2πi/3kiR. (3.1.5)
The kiL,R are expressed in terms of the momenta and winding numbers of X
i by eqs. (2.5.14,
2.5.15).
The gauge algebra is realized in terms of (1, 0) conformal vertices, as explained in section
2.8 for the DISG algebra. Here they take the form
Vp = C(p)
∮
dz¯
2πi
ei
∑
A
XA(z¯)pA,
16∑
1
pApA = 2, pA ∈ Γ(0,16),
VA =
∮
dz¯
2πi
∂¯XA(z¯). (3.1.6)
The cocycle C(p), in this case, can be written down explicitly as follows [162]. Pick up a basis
{eM |M = 1, ..., 16} of Γ(0,16), and choose the eM such that e · e ≡ ∑A eAMeAM = 2. Then the
cocycle reads
C(p) ≡ (−)p∗pˆ, X ∗ Y ≡ ∑
M>N
XMY NeM · eN . (3.1.7)
Here pˆ is the momentum operator of the left-moving chiral bosons.
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The Z3 action on vertices (3.1.6) reads [86]
(gV )p = e
2πi
∑
A
δApAUVpU
†, (gVA) = VA, (3.1.8)
where U is a unitary transformation acting on the cocycle C(p) only. This transformation
simply defines an equivalent representation of the cocycle, as noticed in section 2.8.
Let us examine now the behavior of the orbifold compactification under duality, beginning
by analysing the states in the untwisted sector.
Equations (3.1.3, 3.1.4) completely specify the projection (3.1.1) on all untwisted states.
These states can be written as a product of an oscillator part and a Γ(6,6)-lattice part. It is
useful to decompose the lattice states in the following way
|k〉m =
3∑
n=1
e2πimn/3|e2πin/3k〉. (3.1.9)
This linear superposition of lattice vectors transforms as
g|k〉m = e−2πim/3|k〉m. (3.1.10)
If we denote by Om a polynomial in the oscillators of the string coordinates, transforming as
(gOm) = e
2πim/3Om, (3.1.11)
the invariant states are simply Om|k〉m′, with m−m′ = 0 mod 3. Notice that at k = 0 the only
invariant states read O0|0〉.
The subgroup of O(6, 6,Z) surviving the orbifold truncation can now be determined quite
simply.
Let us find at first what constraints follow from the lattice-dependent part of the vertex
Om|k〉m′. By definition, a symmetry transforms physical states into physical states, so, the
duality transform of Om|k〉m must be Z3 invariant too. This requirement implies in particular
that
g|Λk〉m = e−2πim/3|Λk〉m, Λ ∈ O(6, 6,Z). (3.1.12)
In general
(Λk)i = Λijk
j + Λi¯k
¯, (3.1.13)
thus, the Λ satisfying eq. (3.1.12) obey
Λi¯ = Λ
ı¯
j = 0. (3.1.14)
This equation is quite natural, it says that the surviving duality group is included in O(6, 6,Z)∩
SU(3, 3,R) [110, 103], namely, the duality subgroup preserving the complex structure of (T 2)3.
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This group, called SU(3, 3,Z), commutes with the orbifold projection and, therefore, transforms
Om, that is the oscillator dependent part of a physical vertex, into another operator O
′
m which
transforms under Z3 as Om. This means that SU(3, 3,Z) maps massless physical states into
themselves. Invariance under this group puts severe constraints on the form of the N = 1 LEEA
arising from this orbifold compactification.
We have not yet shown that SU(3, 3,Z) is an invariance of the twisted sector too. Here we
shall give a sketch of this proof, carried on in detail in ref. [208]22.
In the twisted sector, the string coordinates obey the boundary conditions
X i(τ, σ + 2π) = e2πim/3X i(τ, σ), ψiR(τ, σ + 2π) = e
2πim/3ψiR(τ, σ),
XAL (τ + σ + 2π) = X
A
L (τ + σ) + 2πmδ
A, m = 1, 2. (3.1.15)
The boundary conditions of the Neveu-Schwarz fermions ψiR are dictated by worldsheet super-
symmetry. The boundary conditions in (3.1.15) entail the following mode expansion
X i(τ, σ) = f ia +
i√
2
∑
n∈Z+m/3
1
n
αine
−in(τ−σ) +
i√
2
∑
n∈Z−m/3
1
n
α˜ine
−in(τ+σ),
ψiR(τ, σ) =
∑
n∈Z+m/3+1/2−t/2
ψine
−in(τ−σ),
XAL (τ + σ) = (p
A +mδA)(σ + τ) +
i√
2
∑
n∈Z
1
n
α˜An e
−in(τ+σ), pA ∈ Γ(0,16). (3.1.16)
In this equation f ia denote the T
6 fixed points of the Z3 transformation g
m ≡ exp(2πim/3). The
index a labels these fixed points and the integer t is equal to 0 in the Neveu-Schwarz sector, and
to 1 in the Ramond sector. Notice that the mode expansion of the heterotic chiral boson XA
is unchanged, but for a translation by mδA of the lattice vector pA. There is a mode expansion
given by eq. (3.1.16), and therefore, a Hilbert space of states for each one of the fixed points fa.
In other words, each twisted sector (with twist gm) is made of many identical copies, one for
each fixed point.
By denoting with Ok, as before, a polynomial in the string oscillators obeying (gO)k =
exp(2πik/3), and by |pA, a〉 a state at the a-th fixed point with heterotic momentum pA, we
may write a Z3 invariant twisted state as
Ok|pA +mδA, a〉, k + δA(pA +mδA) = 0 mod 3. (3.1.17)
Notice that the twisted states have ki = kı¯ = 0, since a non-zero momentum or winding
number in T 6 is incompatible with boundary conditions (3.1.15).
22Ref. [208] deals with invariance under an SL(2,Z) subgroup of SU(3, 3,Z), but its techniques can be extended
to the general case.
67
It may seem that the state (3.1.17) be mapped into itself by a duality transformation,
since it does not depend on ki, kı¯. This is not true, however. States, of identical oscillator
and momentum content, belonging to different fixed points, are isomorphic (they have the same
conformal weight etc.) and can mix together. In general, under duality states (3.1.17) transform
as [208]
Ok|pA +mδA, a〉 → eiϕ(G,B,Λ)Sab(Λ)Ok|pA +mδA, b〉, Λ ∈ SU(3, 3,Z). (3.1.18)
The phase ϕ(G,B,Λ) depends on the background fieldsG, B, but not on the fixed point, whereas
the unitary matrix Sab(Λ), transforming different fixed points into each-other, is independent of
the background.
Equation (3.1.18) is sufficient to conclude that the spectrum of an orbifold compactification
is invariant under duality. Indeed, eq. (3.1.18) maps physical states into physical states, and
defines a unitary transformation between equivalent Hilbert spaces.
The explicit form of Sab and ϕ was given in ref. [208]. There it was also shown that not
only the twisted-sector spectrum, but also its interactions, namely the three- and four-point
correlation functions, are invariant under duality, if the twisted vertices are transformed as in
eq. (3.1.18).
The previous analysis has dealt with a simple question, namely, what is the duality group of
an orbifold compactification. The next question one is naturally led to is how this duality acts
on fields, in particular on the massless ones. To answer this question one must find how twisted
and untwisted vertices depend on the background. Here, for sake of simplicity, we choose T 6
to be a product of three identical two dimensional tori T 2. The four T 2-moduli (background
fields) Bij , Gij, i, j = 1, 2 reduce to two, once the complex structure has been defined by
X(z, z¯) = X1(z, z¯) + e2πi/3X2(z, z¯). (3.1.19)
This identification leaves one free complex modulus, since the metric of a complex 2-d manifold
has only one independent component. Let us define this modulus by
τ = i
√
detG+B12. (3.1.20)
Then, our general formulæ (2.5.14, 2.5.15) giving pL and pR in terms of the background fields
reads
pL =
i
(
√
3ℑτ)1/2 [m2 + e
−2πi/3m1 + τ¯(n1 − e−2πi/3n2)],
pR =
i
(
√
3ℑτ)1/2 [m2 + e
−2πi/3m1 + τ(n1 − e−2πi/3n2)]. (3.1.21)
Here mi, ni ∈ Z.
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There are three moduli τi, one for each T
2 factor in T 6 = T 2 ⊗ T 2 ⊗ T 2. The subgroup of
SU(3, 3,Z) most frequently studied in the literature is SL(2,Z)3. This subgroup acts on the τi
as follows
τi → aiτi + bi
ciτi + di
, ai, bi, ci, di ∈ Z, aidi − bici = 1. (3.1.22)
We notice that the group acts projectively on the moduli, thus, it should more properly be
called PSL(2,Z)3.
Equation (3.1.22) induces a SL(2,Z)3 transformation on the lattice (3.1.21). This transfor-
mation can be realized by acting on the fields X iR(z), X
i
L(z¯) as follows
X iL(z¯)→ λ¯
(
ciτi + di
ciτ¯i + di
)1/2
X iL(z¯), X
i
R(z)→ λ
(
ciτ¯i + di
ciτi + di
)1/2
X iR(z). (3.1.23)
Obviously, as dictated by worldsheet supersymmetry, the right-moving fermions ψR(z) transform
as the coordinates
ψiR(z)→ λ
(
ciτ¯i + di
ciτi + di
)1/2
ψiR(z). (3.1.24)
In these equations, λ is a SL(2,Z)-dependent, but background independent phase [208, 178, 176].
Let us find how SL(2,Z)3 acts on the vertices of massless untwisted scalars. The trans-
formation law on target space fermions has been presented in ref. [178, 176], and follows by
imposing target space supersymmetry on the scalars. The scalar vertices read
φ(3¯,2¯7) =
∫
d2zψiR(z)V
(3¯,2¯7)
L (z¯), φ(3,27) =
∫
d2zψ ı¯R(z)V
(3,27)
L (z¯),
φi¯ =
∫
d2zψiR(z)∂¯X
¯
L(z¯). (3.1.25)
Here V
(a,b)
L (z¯) denotes a E8 × E8 vertex, given by eq. (3.1.6), transforming in the (a, b) repre-
sentation of SU(3) × E6. The breakdown E8 → SU(3) × E6 is achieved by setting the lattice
shift δA equal to (1/3, 1/3, 1/3, 0, ..., 0).
Equations (3.1.23, 3.1.24) give the following duality transformation laws for the massless,
untwisted scalar vertices
φ(3¯,2¯7) →
∏
i
λ
(
ciτ¯i + di
ciτi + di
)1/2
φ(3¯,2¯7), φ(3,27) →
∏
i
λ¯
(
ciτi + di
ciτ¯i + di
)1/2
φ(3,27),
φi¯ → ∏
i
(
ciτ¯i + di
ciτi + di
)
φi¯. (3.1.26)
The transformation laws of the twisted vertices are more involved, since states corresponding
to different sectors transform into each other. Nevertheless, one may fix the τi-dependent part
of the duality transformations by a few simple considerations.
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At first, one notices that transformations (3.1.23, 3.1.24) act as chiral rotations on the string
coordinates. The corresponding chiral charges are determined by the mode expansion of X iL,R
and ψiR in the m-twisted sector, given in eq. (3.1.16)
QiF =
∑
n∈Z+m/3+1/2−t/2
ψ¯ ı¯−nψ
i
n −m/3− t/2
QiB,L =
∑
n∈Z−m/3
1
n
α˜ı¯−nα˜
i
n +m/3, Q
i
B,R =
∑
n∈Z+m/3
1
n
αı¯−nα
i
n −m/3. (3.1.27)
The shift in the ground-state chiral charge is dictated by spectral flow [31].
Let us analyse the m = 1 twisted sector. (The m = 2 case can be worked out in complete
analogy with the previous one).
In this sector, the massless scalar states are [86]
|pA + δA, a〉L ⊗ |0, a〉R, (3.1.28)
and
α˜ı¯−1/3|pA + δA, a〉L ⊗ |0, a〉R. (3.1.29)
The ground state of the left-movers |pA + δA〉 contains a non-zero vector in the shifted E8 ×E8
lattice. This is a vector in the weight lattice of SU(3)×E6×E8. In eq. (3.1.28) this vector spans
the (1, 27, 0) representation of SU(3)× E6 × E8, while in eq. (3.1.29) it spans the (3, 1, 0) [86].
The duality transformations (3.1.23, 3.1.24) are given by exp i
∑3
i=1(Q
i
R −QiL)θi with 2θi =
log[(ciτi+di)/(ciτ¯i+di)]. By denoting with φ
a
(1,27) and φ
ia
(3,1) the vertices associated to states (3.1.28)
and (3.1.29), respectively, and using the formula for the chiral charges given in eq (3.1.27), one
finds that SL(2,Z)3 acts on the twisted states as follows
φa(1,27) →
∏
i
(
ciτ¯i + di
ciτi + di
)1/3
S1abφ
b
(1,27),
φia(3,1) →
(
ciτ¯i + di
ciτi + di
)5/6 (
cj τ¯j + dj
cjτj + dj
)1/3 (
ckτ¯k + dk
ckτk + dk
)1/3
S2abφ
ib
(3,1), i 6= j 6= k. (3.1.30)
As in eq. (3.1.18), vertices corresponding to different fixed points transform into each other.
The matrices S1(ab), S
2
(ab), describing this mixing, depend on ai, bi, ci, di, but are independent of
the modular parameter τi. These matrices cannot be determined by our simple method, they
are given explicitly in ref. [208].
Equations (3.1.26, 3.1.30) completely fix the moduli-dependent part of the SL(2,Z)3 duality
on all massless scalars of the Z3 orbifold compactification. These formulas can be easily extended
to any ZN orbifold.
As we previously stated, the LEEA containing massless states must be exactly invariant
under SU(3, 3,Z), and thus under SL(2,Z)3. This property, together with the explicit form of
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duality on massless fields, imposes powerful constraints on the form of the LEEA. Some of the
consequences of this constraint will be studied in section 3.4.
3.2 Duality Invariant Effective Field Theories of N = 2, 1 Compacti-
fications
In this section, following [144], duality in N = 1, 2, compactifications will be analyzed. We
study the “large” duality interchanging massive and massless modes. This is the symmetry
that places most restrictions on the LEEA. Unfortunately, unlike the N = 4 case, for N = 2, 1,
supersymmetry arguments alone are not strong enough to fix the form of the LEEA completely.
The presence of additional twisted sectors in the orbifold construction, for instance, makes the
knowledge of the N = 4 LEEA insufficient to determine the complete low-energy N = 2, 1
actions. The N = 4 LEEA is, on the other hand, all what we need to find the N = 2, 1 effective
actions for the untwisted states. The derivation of such LEEA’s is the subject of this section.
In section 3.4, we shall examine the restrictions imposed on orbifold compactifications by the
“small” duality SL(2,Z), transforming massless states into themselves. In this case the analysis
can be extended, and it gives constraints on the twisted sector as well.
To study the LEEA of the untwisted sector of orbifold compactifications, we need some
definitions, which extend those of the previous section.
A (ZN ) orbifold projection is defined by picking an element O of O(6,Z) × O(6,Z) ⊂
O(6, 22,Z). For simplicity, we consider here the case of an O acting symmetrically on left and
right movers, even though this restriction is by no means necessary [237]. Moreover, we choose
O such that ON = 1 for some integer N < ∞. The action of O on the LEEA fields is defined
by specifying how O acts on the gauge indices as well as the N = 4 “extension” indices. For
the gauge indices, one defines how O acts on the chiral fields XA(z) of eq. (2.8.36)
OXA(z) = ΛABXB(z) + 2πδA, ΛAB = diag(λab , λab , 0),
λ ∈ O(6,Z), A,B = 1, .., 28, a, b = 1, .., 6. (3.2.1)
The shift vector δA obeys
δA = 0, A = 1, .., 12, NpAδ
A ∈ Z, ∀pA ∈ Γ(6,22). (3.2.2)
Equations (3.2.1, 3.2.2) define O on all vertices. For example, since λab is an element of the
duality group,
OV p =
∮
dz
2πi
C(p) exp[ipB(Λ
B
AX
A + 2πδB)](z) = exp(2πipηδ)V Λ
−1p, (3.2.3)
where V p is defined in eq. (2.8.37), and the second equality in (3.2.3) is modulo a conjugation
of C(p).
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One can further define the action of O on the N = 4 indices by specifying how it acts on the
fundamental representation of SU(4). This is because λ ∈ SO(6), SO(6) ≃ SU(4), and because
the vectorial representation of SO(6) is isomorphic to the antisymmetric of SU(4). With an
appropriate choice of basis, and by labelling with |j〉 the fundamental representation of SU(4),
we get
λ = diag(λ1, λ2, λ3, λ4), mj ∈ Z,
4∑
j=1
mj = 0, mod N.
O|j〉 = λ|j〉 = λj |j〉 = exp(2πimj/N)|j〉. (3.2.4)
By recalling that the N = 4 matter multiplet of the LEEA reads
(ASµ , ψ
S
i , Z
S
ij), Z
Sij ≡ (ZSij)∗ =
1
2
ǫijklZSkl, (3.2.5)
we define
O(ASµ , ψSi , ZSij)V S ≡ (ASµ , exp(2πimi/N)ψSi , exp[2πi(mi +mj)/N ]ZSij). (3.2.6)
This transformation is induced by the transformation of the vertex V S given in eq. (2.8.46),
namely, (OV )S.
The fields of the untwisted sector of the N < 4 theories are those left invariant by the
above transformation. If O ∈ SU(2) ⊂ SU(4), the resulting orbifold is N = 2 space-time
supersymmetric. If O ∈ SU(3), O ∈/SU(2), the orbifold is N = 1 supersymmetric. We turn
now to a study of the LEEA for the untwisted sector [108, 106, 65, 112, 66].
A method for studying the untwisted sector of 4-D superstring effective actions has been
proposed in refs. [108, 106, 112]. That method has been used in [112] to study systematically the
scalar manifolds of ZN orbifolds. The results of [112] can be generalized easily to the duality-
invariant LEEA presented in section 2.8. Let us briefly review the methods of [108, 106, 112].
The fundamental fact used there is that the orbifold truncation acts on the compensating
multiplet (Aaµ, ψ
a
i , Z
a
ij) in a well defined way, given by eq. (3.2.6). For the compensating scalars
one finds, by using eqs. (2.8.38), (3.2.1) and (3.2.6),
(OZ)ijkl = exp[2πi(mk +ml +mi +mj)/N ]Z ijkl. (3.2.7)
The compensators surviving the projection generated by O, i.e. those left invariant by transfor-
mation (3.2.7), determine by themselves alone the geometry of the manifold of the (untwisted)
scalar fields.
As in ref. [112] we find five different geometrical structures for N = 1 theories, and two for
N = 2. Let us consider first the N = 1 cases. The five different structures correspond to the
following choice of the coefficients mi in eq. (3.2.4) (all equalities below are modulo N , and
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m4 = 0)
a m1 = m2 = m3 = N/3, N ∈ 3Z,
b m1 = m2 6= m3, m1 +m2 +m3 = 0, mi 6= N/2, N ∈ 2Z,
c m1 6= m2 6= m3, m1 +m2 +m3 = 0, mi 6= N/2, N ∈ 2Z,
d m1 = m2 = N/4, m3 = N/2, N ∈ 4Z,
e m1 6= m2, m3 = N/2, m1 +m2 +m3 = 0, N ∈ 2Z.
The compensating scalars surviving the truncation defined by O are
Z4i4j, i, j = 1, 2, 3 for case a
Z4i4j, i, j = 1, 2, Z
43
43 for case b
Z4i4i , i = 1, 2, 3 for case c
Z4i4j , i, j = 1, 2, Z
43
43 , Z
12
43 for case d
Z4i4i , i = 1, 2, Z
43
43 , Z
12
43 for case e (3.2.8)
By substituting the fields of eq. (3.2.8) into the constraint (2.7.6), we find that the structure of
the scalar manifold is always SU(1, 1)/U(1)×K, where K is
SU(3 + n,m,R)
U(1)× SU(3,R)× SU(n,m,R) for case a
SU(2 + n,m,R)
U(1)× SU(2,R)× SU(n,m,R) ×
SU(2 + n′, m′,R)
U(1)× SU(2,R)× SU(n′, m′,R) for case b[
SU(1 + n,m,R)
U(1)× SU(n,m,R)
]3
for case c
SU(2 + n,m,R)
U(1)× SU(2,R)× SU(n,m,R) ×
O(2 + n′, m′,R)
O(2,R)× O(n′, m′,R) for case d[
SU(1 + n,m,R)
U(1)× SU(n,m,R)
]2
× O(2 + n
′, m′,R)
O(2,R)× O(n′, m′,R) for case e. (3.2.9)
These expressions are a little formal, since in our case n = m = n′ = m′ =∞, but they can be
made rigorous. Actually, some of these manifolds have been used in string theory also in [7].
To determine what matter fields actually survive the truncation defined by (3.2.6) we divide
the group generators in two sets. The first one is made of the generators V A, A = 1, .., 28. The
corresponding scalar fields are the compensators, for which O has been defined in eq. (3.2.7),
and the scalars ZIij, I = 7, .., 28. By an appropriate choice of basis, since we consider only
symmetric ZN orbifolds, we may write
ZIij = (Z˜
ab
ij , Z
α
ij), α = 13, .., 28, i, j, a, b ∈ 4 of SU(4), (3.2.10)
and
(OZ)Iij = (exp[2πi(mi +mj +ma +mb)/N ]Zabij , exp[2πi(mi +mj)/N ]Zαij). (3.2.11)
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The fields Z˜abij , surviving the O truncation have therefore the same index structure of the
auxiliary fields in eq. (3.2.8).
The second set of scalar fields is made of the fields Zpεij . Here the index pε labels a generator
of the DISG, of nonzero lattice momentum p and polarization tensor ε associated with the vertex
operator V pε. With an appropriate choice of ε, we can write the action of O on these vertices
as
(OV )pε = exp[2πik(ε, δ)/N ]V λ−1pε. (3.2.12)
Here k(ε, δ) is a function of ε, δA (and p) taking values in {0, .., N − 1}. The invariant fields,
surviving the O truncation are
Zˆpεij =
1
N
N−1∑
l=0
exp[2πil(mi +mj + k(ε, δ))/N ]Z
λlpε
ij . (3.2.13)
Notice that, after truncation, it is in general no longer possible to choose a basis of generators
made of eigenvalues of the internal momenta p.
By using equations (3.2.11) and (3.2.12), we may find how, inN = 1 and N = 2 orbifolds, the
DISG algebra g breaks down into representations of some sub-algebra h. The action of (3.2.11)
and (3.2.12) on massless states for the E8×E8 heterotic string was given in ref. [112]. There it
was found that the massless families and gauge groups of cases a through e were
• Nine 27 of E6, corresponding to the fields Z(i,27)4j , i, j = 1, 2, 3 for case a.
• Nine 27 of E6, corresponding to the fields Z(i,27)4j , i, j = 1, 2 and Z(3,27)43 for case b.
• Three 27 of E6, corresponding to the fields Z(i,27)4i , i = 1, 2, 3 for case c.
• Four 27 of E6, corresponding to the fields Z(i,27)4j , i, j = 1, 2 plus a 27: Z(3,27)43 and a 27:
Z
(3,27)
43 for case d.
• Two 27 of E6, corresponding to the fields Z(i,27)4i , i = 1, 2 plus a 27: Z(3,27)43 and a 27:
Z
(3,27)
43 for case e.
The notation used above is the same as in our previous analysis: the E8 gauge indices, between
parenthesis, have been decomposed in SU(3) and E6 gauge indices.
One may recover the N = 1 superpotential of all N = 1 models by recalling that in N = 1
the gravitino mass m3/2 is related to the superpotential W by [61, 59]
m3/2 = exp(K/2)W, (3.2.14)
where K is the Ka¨hler potential of the N = 1 scalar manifold. In order to write the superpo-
tential W containing all the fields that are relevant to low energy physics, i.e. those that may
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become massless on some background, we introduce the following notation
ypi = exp(−K/6)Zˆpi4, yAi = exp(−K/6)
1
N
N−1∑
n=0
OnZAi4,
i = 1, 2, 3, pηp = 2. (3.2.15)
Thus the fields y are, up to a rescaling, those invariant under the transformations in (3.2.11),
(3.2.12). Notice that here, as in eq. (3.2.13), p denotes an orbit of the action of ZN on Γ
(6,22).
In terms of the fields (3.2.15) the gravitino mass surviving the N = 1 truncation reads
(cfr. [112, 143, 144])
m3/2 = exp(K/2)ǫ
ijk[
∑
p,q
N−1∑
l=0
ypi y
q
jy
p+λlq
k ε(p, λ
lq)−∑
p,A
ipAy
A
i y
p
j y
−p
k ], (3.2.16)
where ǫijk is the totally antisymmetric tensor, i, j, k = 1, 2, 3. The yA are constrained fields,
obeying the appropriate N = 1 reduction of eq. (2.7.6) [112]. In order to find the superpotential
in terms of physical fields one must first solve that constraint. Confronting eq. (3.2.16) with
eq. (3.2.14) one easily gets the superpotential of a ZN N = 1 truncation. On the massless modes
it coincides with that of ref. [112].
The study of the N = 1 models is completed by specifying the form of the gauge cou-
pling function, i.e. the function multiplying the square spin-one field strength term in the
Lagrangian [61, 59]. This function f turns out to be model independent and equal to f = ηαβS,
where ηαβ is the invariant metric restricted to the gauge fields surviving the N = 1 truncation,
and S =
√
G exp φ+ ia. Here ℜS is the universal duality-invariant dilaton field [283, 106, 112],
and a is the axion.
We turn now to the study of truncations to N = 2 orbifolds. The two geometrically distinct
cases of N = 2 orbifolds can be studied by the same methods used for the N = 1 orbifolds. In
N = 2 supergravity the manifold of scalar fields reads SU(1, 1)/U(1)×K×Q. The manifold K
is Ka¨hlerian and Q is quaternionic [16, 79, 77]. The first N = 2 case corresponds to the choice
m1 = m2 = N/2, m3 = m4 = 0, while the second one corresponds to m1 6= m2, m1 +m2 = N ,
m3 = m4 = 0.
By repeating the same analysis done for the N = 1 truncations one finds the following
manifolds
K = O(2 + n,m,R)
O(2,R)× O(n,m,R), Q =
O(4 + n′, m′,R)
O(4,R)×O(n′, m′,R) , m1 = m2,
K = O(2 + n,m,R)
O(2,R)× O(n,m,R), Q =
SU(2 + n′, m′,R)
U(1)× SU(2,R)× O(n′, m′,R) , m1 6= m2,
n = n′ = m = m′ =∞. (3.2.17)
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At this point we stop our by no means systematic review of the untwisted sector of N = 1
and N = 2 theories resulting from orbifold compactifications of D = 4, N = 4 strings. We recall
that we confined our attention to ZN symmetric orbifolds only. Many other types of orbifolds
can be constructed. For example, one may study Abelian orbifolds generated by noncyclic
groups like Z2 × Z2 [10, 189], or non-Abelian orbifolds [86]. By repeating the procedure of this
section one can work out what the N = 1 and N = 2 truncations look like in these cases.
By construction, each truncated model is invariant under the automorphism group of the
corresponding N = 1, 2 DISG sub-algebra. The automorphism group contains the subgroup of
O(6, 22,Z) which stabilizes the orbifold twist group, that is the generalized duality group acting
on the untwisted sector moduli space of the orbifold compactifications. These automorphism
transformations are the residual discrete symmetries of the broken gauge group in the untwisted-
sector effective action.
3.3 Special Geometry and Calabi-Yau Compactifications
Orbifolds correspond to special points in the space of all possible heterotic compactifications.
A more general class of string vacua is given by the Calabi-Yau (CY) compactifications, giving
rise to 4-D theories with N = 1 supersymmetry.
CY spaces arise when one reduces the ten-dimensional heterotic string to its point-field limit,
namely, when one studies the 10-D effective action which describes physics at a scale R≫ α′1/2.
This action, which is uniquely fixed by 10-D N = 1 supersymmetry, and by the knowledge of
the gauge group, is then compactified to yield a 4-D theory. The resulting 4-D theory is a
good approximation of the true 4-D LEEA, obtained by computing string amplitudes in 4-D,
provided the compactification radii are much larger than α′1/2.
From the point of view of the underlying worldsheet conformal theory, these compactifica-
tions are (2,2) superconformal theories [129]. Orbifolds which are (2,2) superconformal corre-
spond to particular (singular) points in the moduli space of a CY manifold [42]. Conversely, by
giving nonzero expectation values to some twisted moduli, (2,2) orbifold singularities are blown
up to yield smooth CY spaces. In general, the structure of the LEEA of CY compactifications
is not exactly known, not in even the field-theoretical (large-radius) limit. Nevertheless, the La-
grangian corresponding to the flat directions (moduli) of the CY compactification obeys severe
constraints. These constraints are not enough to fix the (“small”) duality group, but they are
sufficient to determine how the duality group acts on the moduli.
We shall follow ref. [40] in our review of properties of CY spaces. Let us recall that a
Calabi-Yau manifold is a compact Ka¨hler manifold of complex dimension three and holonomy
SU(3). A generic 3-D Ka¨hler manifold has holonomy U(3), instead. The vanishing of the U(1)
holonomy is equivalent to saying that a CY space admits a Ricci-flat metric [38]. The moduli
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of a CY space M are given by those variations of the metric gmn which preserve Ricci-flatness
Rmn(g + δg) = Rmn(g) = 0. (3.3.1)
By writing these variations in complex coordinates µ, µ¯ etc., thanks to special properties of
Ka¨hler manifolds, one finds that δgµν¯ and δgµν , δgµ¯ν¯ separately obey eq. (3.3.1). Thus, the de-
formations of a given CY space are of two types: mixed (one holomorphic, one anti-holomorphic
index), and pure (all holomorphic or all anti-holomorphic indices). To mixed variations one as-
sociates a real (1,1)-form
iδgµν¯dx
µ ∧ dxν¯ , (3.3.2)
whereas to pure variations one associates a complex (2,1)-form by using the holomorphic (3,0)
form Ω present in all CY manifolds [38, 42]:
Ων¯κλδgµ¯ν¯dx
κ ∧ dxλ ∧ dxµ¯. (3.3.3)
These variations are holomorphic, thanks to eq. (3.3.1). Thus, the deformations of a CY man-
ifold are elements of the Dolbeault cohomology groups H(1,1) and H(2,1) (see ref. [158] for a
simple introduction to the subject).
The mixed variations are deformations of the Ka¨hler class, in other words, they leave the
complex structure invariant and change the metric. In particular, they change the compactifi-
cation radii.
The pure variations, instead, modify the complex structure of the CY manifold (that is the
split into holomorphic and anti-holomorphic coordinates).
Among the fields of the 10-D effective action of the heterotic string, there is a two form
B = bmndx
m∧dxn. This form and the Ka¨hler form J = gmndxm∧dxn can be written as a single
complex form B+ iJ . A variation of B gives rise to a massless mode in 4-D iff δB ∈ H(1,1) [42].
Thus, the most general metric for δg and δB writes as follows
ds2 =
1
2V
∫
M
g1/2d6xgκµ¯gλν¯[δgκλδgµ¯ν¯ + (δgκν¯δgλµ¯ + δbκν¯δbµ¯λ)]. (3.3.4)
This equation has another important consequence: it says that the metrics of (1, 1) and (2, 1)
moduli are factorized. So, at least locally, the moduli space of a CY space is M(1,1) ×M(2,1).
This property was proven in [253] using effective-theory arguments. In [87] it was shown that
the factorization of moduli space is exact to all orders in α′, being a property of any (2, 2)
superconformal worldsheet field theory.
The factorization of moduli space is at the root of the particular kind of target space duality
called “mirror symmetry” [159, 41]. In the present context, this symmetry transforms a CY
manifold into another one, in which the role of (1, 1) and (2, 1) forms are interchanged. It also
has another important consequence. SinceM(2,1) does not depend onM(1,1), it can be evaluated
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in the regime where all compactification radii α′−1/2R →∞. In this limit, the field-theoretical
result is exact in α′, and not merely a lowest order result. This statement is very strong: it says
that the metric of the (2, 1) moduli does not receive sigma-model corrections.
The metric of (1, 1) moduli, however, does receive sigma-model corrections. In some excep-
tional case though, by using the mirror symmetry, and by finding a pair of mirror-conjugated
manifolds, one obtains exact results for M(1,1) as well [41, 159, 14].
We shall not discuss further these developments though, but instead restrict our attention
to the (2,1)-moduli space and figure out its special properties.
The relation between (2,1) forms and deformations of the complex structure is given by [40]
χa κλµ¯ = −1
2
Ων¯κλ
∂gµ¯ν¯
∂za
, χa =
1
2
χa κλµ¯dx
κ ∧ dxλ ∧ dxµ¯. (3.3.5)
The za, a = 1, ..., b21 are the parameters for the complex structure, whose number is equal to
the dimension b21 of H
(2,1). Equation (3.3.5) can be inverted to give δgµν¯ in terms of χa. By
simple algebra one finds the definition of the metric of the (2,1)-moduli, Gab¯,
Gab¯δz
aδzb¯ ≡ 1
2V
∫
M
g1/2d6xgκµ¯gλν¯δgκλδgµ¯ν¯ = − 2i
V ‖Ω‖2 δz
aδzb¯
∫
M
χa ∧ χ¯b¯. (3.3.6)
The (2,1) forms χa can be expressed in terms of the holomorphic three form as [40]
∂Ω
∂za
= φaΩ + χa, (3.3.7)
where the φa may depend on z
a, but not on the coordinates of the CY space.
Equation (3.3.7) implies that the metric of (2,1) forms is Ka¨hler, i.e.
Gab¯ = −
∂
∂za
∂
∂zb¯
log
(
i
∫
M
Ω ∧ Ω¯
)
. (3.3.8)
Indeed, this metric enjoys other properties. To study them, one picks up a (real) canonical
homology basis (Ai, Bj), i, j = 0, ..., b21 of the integral homology group H3(M,Z). The dual
cohomology basis (αi, β
j) obeys∫
Ai
αj =
∫
M
αj ∧ βi = δij ,
∫
Bi
βj =
∫
M
βj ∧ αi = −δji . (3.3.9)
Notice that this equation defines a symplectic metric on H3(M,Z), given by the wedge product
of two three-forms. In terms of this cohomology basis the holomorphic three-form Ω reads
Ω = xiαi − Gjβj. (3.3.10)
The dimension of the (2,1)-moduli space is b21, therefore only b21 of the 2b21 + 2 coefficients in
eq. (3.3.10) are independent. One can choose xi = λzi, i = 1, .., b21, x
0 = λ, and express Gi in
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function of the xi. The parameter λ is an irrelevant scale factor thus, obviously, Gi(λx) = λGi(x).
Equation (3.3.7) implies ∫
M
Ω ∧ ∂Ω
∂xi
= 0. (3.3.11)
This equation says that Gi is the derivative of a homogeneous function of degree two: Gi =
∂G/∂xi, and G(λx) = λ2G(x). The Ka¨hler potential of the (2,1)-moduli space is therefore
expressible in terms of a holomorphic function:∫
M
Ω ∧ Ω¯ = x¯i ∂G
∂xi
− xi ∂G
∂x¯i
. (3.3.12)
This particular form of the Ka¨hler potential is the one dictated by N = 2 supersymmetry in
4-D, for the scalars of the vector multiplet [79, 77].
The link between N = 2 supersymmetry and the geometry of (2,1) moduli is not an ac-
cident. As shown in ref. [253], the moduli of a (2,2) heterotic compactification, with N = 1
target space supersymmetry, are the same as for a type-II superstring compactification, with
N = 2 supersymmetry. The map between heterotic compactifications and type-II superstring
compactifications puts stronger constraints on the (2,1)-moduli Lagrangian than N = 1 su-
persymmetry alone. These constraints, which follow from N = 2 supersymmetry, have been
studied in refs. [48, 268, 102]. Moreover, one can show that even the (1,1)-moduli Lagrangian
can be obtained from a type II compactification. Therefore, even for (1,1) moduli, the form of
the Ka¨hler potential is of special type:
K = − log i
(
y¯m
∂F
∂ym
− ym ∂F
∂y¯m
)
, m = 0, ..., b11. (3.3.13)
Here the prepotential F is corrected by O(α′) terms, and the link between duality and CY
geometry is less transparent than for (2,1) moduli. For this reason, we prefer to return to this
latter case, and examine it more closely.
We spent some time on the details of the construction of metrics for the (2,1)-moduli space.
These details allow us to find a general exact result about target space duality in CY compact-
ifications. First of all, let us notice that an infinitesimal change of the coordinates za does not
change the cohomology basis in eq. (3.3.9), since the homology group is a topological invariant of
the CY space, and its coefficients are integers. On the other hand, under a large diffeomorphism
za → z′a(z), the homology basis could undergo a symplectic transformation(
α
β
)
→
(
A B
C D
)(
α
β
)
,
(
A B
C D
)
∈ Sp(b21 + 1,Z). (3.3.14)
The coefficients A,B,C,D are integer valued, since the homology is integral, and they define a
symplectic matrix, due to eq. (3.3.9). Equation (3.3.14) leads to a transformation rule for the
periods of the three-form Ω given, in our notations, by the vector (∂iG, xi)(
∂G
∂xi
xi
)
→
(
A B
C D
)(
∂G
∂xi
xi
)
. (3.3.15)
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This is a duality: two different backgrounds, related by transformation (3.3.15), yield the same
physics, since they correspond to a reparametrization of the (2,1)-moduli space. The form of
the transformation on the za coordinates is highly non-trivial, nevertheless, eq. (3.3.15) states
that it acts as a linear symplectic transformation on ∂iG, xi.
The previous result is totally general, valid for any CY compactification, and it is exact in
α′, since it concerns (2,1) moduli. Given a CY manifoldM, a similar result would hold for the
(1,1) moduli, if a mirror manifold M˜ could be found.
Clearly, eq. (3.3.15) is not sufficient to fix the duality group Γ of a CY space: it only says
that Γ is a subgroup of Sp(b21 + 1,Z). Equation (3.3.15) also defines the action of Γ on the
periods xi, ∂iG.
Our analysis of the CY moduli space has linked the action of the duality group to algebraic
geometric properties of the CY space. The explicit form of the duality group Γ can be found
in some cases, again by use of algebraic geometry. In ref. [41], Γ was found in the simple case
of CY manifolds described by a one complex-parameter family of quintic hypersurfaces in CP4.
Even in that simple case, it turns out that Γ is not SL(2,Z), as previously conjectured in the
literature.
A further development, that we shall only mention here, is given by the relation between Γ
and the monodromy of Picard-Fuchs equations for the periods of CY spaces [41, 213, 37, 53, 70].
These are the differential equations giving the periods xi, ∂iG as functions of the complex-
structure moduli za. These equations are singular at some point(s). By transporting za about
that singular point, the solutions of the differential equations transform into each other. The
group describing this transformation is called the monodromy group ΓM . Almost all known
examples of CY manifolds are representable as algebraic hypersurfaces in (some) CPn by the
equation
Wi(y, z) = 0, y ∈ CPn, z ∈M(2,1). (3.3.16)
Here Wi are quasi-homogeneous polynomials in y, z. Associated with eq. (3.3.16) there exists
an invariance group ΓW , whose elements are quasi-homogenous transformations of y, z leaving
the equation invariant. In this case, the authors of ref. [213] proposed a general formula for the
duality group, namely Γ/ΓW = ΓM . In other words, they conjectured that the duality group is
a semi-direct product of the invariance group of equation (3.3.16), and the monodromy group
of the periods Γ = ΓW ⊗S ΓM . This conjecture holds true in the case of a single modulus [41,
213, 70].
The proposed formula for the duality group was shown to hold true for K3 compactifications,
relevant for N = 2 heterotic backgrounds, in ref. [150]. Moreover, as was studied in [150], the
invariance group ΓW is the symmetry group of the corresponding N = 2 Landau-Ginzburg
(LG) model. This LG model and its corresponding CY manifold are “different phases” of an
underlying N = 2 superconformal field theory [223, 276, 161, 214, 287].
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Finally, we stress again that informations about M(1,1) cannot be obtained simply by alge-
braic geometry. Only in the case when a mirror to the CY manifold M exists, one can extract
exact results about (1,1) moduli.
3.4 Duality Invariant N = 1 Actions: Superpotential, Threshold Ef-
fects and Integration of Massive Modes
Any LEEA describing a 4-D compactification must be invariant under the appropriate dual-
ity group. In particular, even the “small” duality group, transforming massless modes into
themselves, dictates useful restrictions of the form of the LEEA.
In section 3.1, we have examined the form of duality transformations on twisted and un-
twisted fields in some orbifold compactifications. For the simple case of the Z3 orbifold we found
that all massless vertices transform in the following way, up to a moduli-independent phase
φs →
(
ciτ¯i + di
ciτ + di
)−nsi/2
φs. (3.4.1)
Here, s labels the massless scalar fields and the charges nsi are given in eqs. (3.1.26, 3.1.30). The
fields φs are those linear superposition of the vertices of section 3.1 that diagonalise the unitary
matrices S1ab, S
2
ab of eq. (3.1.30). The fields As, defined by
φs = i
3∏
i=1
(τi − τ¯i)nsi /2As, (3.4.2)
transform under SL(2,Z)3 as modular forms of weight (ns1, n
s
2, n
s
3)
As →
3∏
i=1
(ciτi + di)
ns
iAs. (3.4.3)
An N = 1 Lagrangian is determined, as we recalled in section 3.2, by the Ka¨hler potential
K, giving rise to the kinetic term of the scalar-multiplet fields, the superpotential W , and the
field-dependent gauge coupling constant fAB. The superpotential is a holomorphic function of
the scalar fields, and the indices A,B range on the generators of the gauge group. The Ka¨hler
potential for a LEEA of a (2,2) compactification of the heterotic string can be expanded, around
a given value of the moduli, in powers of the fields As. This potential can be evaluated at tree-
level by computing string scattering amplitudes on the sphere [87]. The expansion to quadratic
terms in the charged fields As reads, for the case of our Z3 orbifold [87, 110, 177, 176]
K = −
3∑
i=1
log(2ℑτi) +
∏
(2ℑτi)nsi |As|2. (3.4.4)
This result coincides with the Ka¨hler potential one finds by dimensional reduction of 10-D
supergravity coupled to E8 ×E8 gauge matter [108].
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Notice that the Ka¨hler potential in eq. (3.4.4) transforms as follows under SL(2,Z)3 duality
K → K + Λ + Λ¯, Λ =
3∑
i=1
(ciτi + di). (3.4.5)
The kinetic term for the gauge fields is diagonal within each simple factor Ga of the gauge group
G =
∏
aGa. At tree-level one finds [131]
fABa = kaδ
ABS. (3.4.6)
The integer ka is the level of the affine Lie algebra associated with Ga, and S is the axion+dilaton
field. In the case of the Z3 orbifold G = SU3 × E6 × E8, and all levels are equal to one. An
N = 1 Lagrangian depends on the superpotential W and Ka¨hler potential K only through the
combination
G = K + log |W |2. (3.4.7)
Thus, the LEEA of our orbifold compactification is duality invariant if
W (As, τi)→ λW (As, τi)
3∏
i=1
(ciτi + di)
−1, (3.4.8)
with λ an arbitrary moduli independent phase. This property has been verified at tree-level
in ZN orbifold compactifications in refs. [208, 57, 212]. One may also use the transformation
properties of the fields As, and the form of the Ka¨hler potential, to predict the form of the
superpotential [110]. More importantly, since duality is an exact all-loop symmetry, radiative
corrections should be duality invariant [109, 110].
If one further assumes that duality, besides being an all-order symmetry, is also preserved
non-perturbatively, one may deduce useful constraints on supersymmetry breaking mecha-
nisms [114, 64, 111, 239, 30, 120].
Let us find how duality constrains the form of the superpotential. We shall at first give
general arguments, based on duality invariance alone. To simplify the discussion as much as
possible, let us keep only one modulus τ in the LEEA, and consider the corresponding SL(2,Z)
duality. In this case, there are two possibilities of implementing SL(2,Z) [109]. The first one
is that the Ka¨hler potential K and the superpotential W be separately SL(2,Z)-invariant. A
possible solution to this constraint is to modify K (and W ) so as to recover the tree-level form
only in the large ℑτ limit. If the tree-level Ka¨hler potential is chosen, in analogy with (3.4.4)
to be
K = −n log(2ℑτ), (3.4.9)
then a possible modular invariant completion is [146, 109]
K = −n log

 ∑
m,n∈Z
exp
(
− πℑτ |m+ nτ |
) . (3.4.10)
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The second possibility is that both K and W transform under duality, and only the combi-
nation K + log |W |2 is invariant. When K is given by eq. (3.4.9), duality invariance demands
thatW (τ)→ (cτ+d)−nW (τ). This means that the superpotential must transform as a modular
form of weight −n. If we want W to be analytic at any finite value of the modulus τ , inside the
fundamental domain of the upper half-plane |τ | ≥ 1, −1/2 ≤ ℜτ ≤ 1/2, we find [109]
W (τ) = const η(τ)−2n = enπℑτ/6[1 + 2ne−2πnℑτ + 2n(n + 1)e−4πnℑτ + ...]. (3.4.11)
This superpotential has the form expected from worldsheet instantons, and integration of mas-
sive modes. In ref. [144] it was suggested that modular forms as in eq. (3.4.11) may originate
from the integration of massive terms in N = 1 LEEAs given by eq. (3.2.16). Indeed, those
LEEAs contain an infinite number of (untwisted) massive fields, say MU . Some of these fields
may appear linearly in the superpotential: W = MULTLT . By LT we denote the massless
(light) twisted scalars. Upon integration of the massive fields, the original trilinear superpoten-
tial of the LEEA is modified. This modification must still be invariant under the “small” duality
group SL(2,Z). The resulting superpotential, which depends only on the massless fields, must
therefore be a modular form of appropriate weight, as in eq. (3.4.11).
Our discussion has been so far quite general. No input on the form of the LEEA, besides
duality and supersymmetry, has been used. In particular, no physical mechanism has been
proposed for the appearance of automorphic modular forms. Now, we would like to study in
some more detail a mechanism whereby non-trivial modular functions modify tree-level physics.
The most dramatic modification to tree-level results affects the gauge couplings. The tree-
level result (3.4.6), indeed, states that these couplings depend on the dilaton field S only. In
particular one has the tree-level identification 1/g2a = kaℜS for the gauge coupling constant
ga. At one loop this equation is modified (as it happens in field theory too). In fact, one
must specify the scale µ at which the coupling constant is defined, and take into account the
renormalization-group running of ga as well as threshold effects due to the integration of massive
modes [183]
1
g2a(µ)
= kaℜS + ba
16π2
log
Mstring
µ2
+∆a. (3.4.12)
Here ba is the one-loop coefficient of the beta function, equal to −3C(Ga)+hj∑j T (Rj). C(Ga)
is the quadratic Casimir of the adjoint representation of the gauge group, T (Rj) is the Casimir
of the Rj representation, hj = 1 for spin-1/2 fermions, and hj = 1/4 for scalars. The sum
runs over all massless fields. The coefficient ∆a represents the threshold effects at the string
unification scale Mstring. Its form has been found explicitly in ref. [88] for the case of (2,2)
orbifolds:
∆a(τ) =
1
16π2
b′a log 2ℑτ |η(τ)|4, b′a = −ba − 2
∑
j
hjT (Rj)(1 + nj). (3.4.13)
The nj denote the modular weights of the matter fields. Equation (3.4.13) is invariant un-
der SL(2,Z) duality. This happens because ℑτ transforms under duality so as to cancel the
83
transformation of |η(τ)|4 functions.
It is interesting to notice that the eta-function contribution in ∆a is the real part of an
holomorphic function, and comes from the loop integration over massive modes [88]. The ℑτ
contribution instead, arising from massless loops, cannot be written as the real part of an
analytic function. This seems to contradict supersymmetry, which requires the gauge-coupling
function fAB to be holomorphic (chiral). The conundrum is solved by noticing that a non-
holomorphic coupling is compatible with supersymmetry, if one allows non-local terms in the
effective Lagrangian [73]. Namely, one finds that it is possible to supersymmetrize the gauge
kinetic term ∫
d4xh(z, z¯)F aµνF
a µν , z = scalar field, (3.4.14)
even when
∂
∂z
∂
∂z¯
h(z, z¯) 6= 0. (3.4.15)
The superfield expression for the gauge kinetic term is [73]
1
4
∫
d2θd4xPh(z, z¯)W aαW aα + h.c., P = −
1
16
2
−1D¯D¯DD. (3.4.16)
Here z is a chiral superfield, W aα is the supersymmetric gauge field-strength, and P is a chiral
projector. This expression reduces to the standard one when h(z, z¯) = h(z). A non-local term
may arise from the integration of massless modes, but not of massive ones. We have just seen
that the only nonlocal term in (3.4.15) is logℑτ , which indeed arises from massless loops [88].
The threshold correction ∆a(τ, τ¯ ) given by eq. (3.4.13) gives rise to a significant modification
of the gaugino-condensate mechanism of supersymmetry breaking [85]. The main feature of this
mechanism is that in the presence of a hidden sector, and if some gauge interactions become
strong, a non-vanishing condensate of strongly interacting fields may form. This means that if E ′8
is unbroken, for instance, gauginos may condense [105]. This condensate modifies the effective
superpotential below the condensation scale Λc, and may lead to supersymmetry breaking at
zero cosmological constant. The gaugino-condensate dependence on the coupling constant is
dictated by renormalization-group invariance
〈λ¯λ〉 = Λ3c exp
(
24π2bH
1
g2H
)
. (3.4.17)
Here the only relevant gauge coupling is the one of the hidden strongly interacting gauge group
(e.g. E ′8), called gH . By substitution of eqs. (3.4.12, 3.4.13) into formula (3.4.17), one finds a
VEV for 〈λ¯λ〉 which depends on the modulus τ . Since the threshold correction function ∆a is
modular invariant, so is 〈λ¯λ〉. Assuming again that no fields in a chiral representation of the
hidden group GH is present, one finds bH = −b′H . In this case the gaugino condensate (3.4.17)
produces a very simple modification of the superpotential [114, 64]
W (S, τ) =
e24π
2S/bH
η6(τ)
. (3.4.18)
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This superpotential has modular weight−3. Thus, together with the Ka¨hler potential−3 log(2ℑτ),
it gives rise to a SL(2,Z) invariant LEEA. Equation (3.4.18) can be generalized so as to take into
account a possible non-perturbative modification of the S-dependent part of the superpotential
W (S, τ) =
Ω(S)
η(τ)
. (3.4.19)
For instance, in ref. [85] it was assumed Ω(S) = c + exp(24π2S/bh). Notice that modular
invariance does not give any constraint on Ω(S).23 The superpotential (3.4.19), together with
the standard Ka¨hler potentials for τ and S, gives rise to the scalar potential [114]
V =
1
16ℜSℑτ |η(τ)|12
[
|2ℜSΩS − Ω|2 + 3|Ω|2
(
(ℑτ)2
π2
|Gˆ2|2 − 1
)]
. (3.4.20)
Here ΩS = ∂SΩ, and Gˆ2 is the weight-2 (non-holomorphic) Eisenstein function (see for in-
stance [258]). The functional dependence of (3.4.20) on τ implies that the potential diverges
both at ℑτ →∞ and ℑτ → 0. By recalling that ℑτ is the compactification radius of the inter-
nal manifold (orbifold) one draws an important conclusion: gaugino condensation and duality
force string theory to compactify on spaces of size O(α′1/2). The potential in eq. (3.4.20) has
been generalized to the case when GH-chiral matter is present in ref. [216].
In ref. [177] it was also noticed that potential (3.4.20) gives rise to real soft supersymmetry-
breaking terms, owing to the fact that minima lie at ℜτ=integer. This fact guarantees the
smallness of CP-violating terms in the low-energy effective action.
Duality invariant gaugino condensation has also been studied in [111, 30, 239]. In particular,
in ref. [111], gaugino condensation was analysed by introducing an effective Lagrangian including
a composite chiral superfield U = W aαW aα , which describes the degrees of freedom arising from
the condensate. The resulting Lagrangian is the analog of the pion Lagrangian in QCD, with
U playing the role of the composite pion field. The scalar potential found in ref. [111] and
the resulting supersymmetry breaking substantially agree with [114, 64] and [30, 239]. The
analysis of non-perturbative supersymmetry breaking in string theory has further been studied,
for instance, in refs. [30, 217, 46, 181, 73].
Duality-invariant functions, as well as functions transforming with a definite weight under
duality (automorphic dual functions) have entered our discussion of threshold effects and gaugino
condensation in several places. For instance, we saw that threshold effects in the one-loop gauge
coupling constant are represented by eq. (3.4.13) as log ‖η−3‖2, with the norm ‖..‖2 given by
eK |..|2. Threshold effect, therefore, can be thought as given by a non-holomorphic norm of the
modular form η. The construction of this norm, and of generalized modular forms, has been
23In ref. [115] Ω(S) was determined by conjecturing a new duality invariance, acting on the field S. The exis-
tence of this new symmetry has not yet been proven within the present formulation of string theory. Calculations
supporting this conjecture were performed in ref. [259, 257, 252].
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extended to the case of (2,2) compactifications in ref. [107]. There it was observed that, even
though the duality group of (2,2) compactifications is unknown in general, yet its action on the
moduli is known. Indeed, the moduli of (2, 2) compactifications parametrize a special Ka¨hler
manifold, due to the correspondence between (2,2) N = 1 heterotic compactifications, and type
II, N = 2 compactifications. By calling M the dimension of the moduli space, and ym its
homogeneous coordinates, the Ka¨hler potential writes as in the CY case
K = − log i
(
y¯m
∂F
∂ym
− ym ∂F
∂y¯m
)
, m = 0, ...,M. (3.4.21)
In order to respect the symplectic structure of (3.4.21), duality transformations must act on
ym,∂mF as Sp(M + 1,R) transformations. By analogy with the case of (2,1) moduli in CY
spaces, we may suppose that the duality group Γ ⊂ Sp(M + 1,Z). Therefore, one may write
down a natural ansatz for a Γ-invariant function G as
G = ∑
mi,ni
log i
|miyi + niFi|2
yiF¯i − y¯iFi , Fi ≡ ∂iF . (3.4.22)
Here the sum ranges over all integers in an orbit of the group Γ. Notice that by writing
exp G = exp(K)|∆(y)|2, one would get, formally
∆(y) =
∏
mi,ni
(miy
i + niFi). (3.4.23)
Here too, the sum ranges on an orbit of Γ. Equation (3.4.23) needs a regularization to be made
rigorous. If this regularization exists (as in the case of Z3 orbifolds [103]) then equation (3.4.23)
defines an automorphic function of the duality group Γ. In these formulae, G has the same
structure of the threshold-effect function (3.4.13), whereas ∆ is the analog of the Dedekind eta
function η(τ).
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4 Duality in Curved Backgrounds with Abelian Symme-
tries
In this section, we discuss the discrete symmetry group acting on the space of D-dimensional
curved backgrounds that are independent of d coordinates, and some of its applications. For
such backgrounds systematic knowledge is available.
We begin, in section 4.1, with a target space geometry with a compact Abelian symmetry.
A duality transformation is then performed [33, 34, 35] by gauging this symmetry and adding a
Lagrange multiplier term that constrains the gauge field to be pure gauge. We show that such a
duality transformation acts on the (curved) background matrix as a factorized duality (2.4.29).
In section 4.2, we show [246] that this factorized duality is a target space duality, namely, it
relates (different) backgrounds that correspond to the same CFT. Moreover, we find a duality
(sub-)group acting on the space of D-dimensional curved backgrounds with d commuting, com-
pact Abelian symmetries [147]. In section 4.3 we discuss the action of the continuous group,
called G in section 2, generating a local neighborhood of the moduli space. In the case consid-
ered here, of backgrounds with U(1)d symmetries, G = O(d, d,R). Based on analogies with the
flat case, we conjecture, in section 4.4, how these results extend to the heterotic string.
In sections 4.5-4.7 we present some applications. An explicit string background [20, 92, 222,
245] turns out to have an interpretation of a 2-d black hole [285]. It is instructive to study
stringy features of propagation in this background. In section 4.5 we discuss the duality of the
two-dimensional black hole [137, 83, 23]. In section 4.6, we study two examples: duality between
compact black strings and charged black holes in the bosonic string, and duality between neutral
and charged black holes in the heterotic string [147, 173]. In section 4.7, we discuss cosmological
backgrounds with compact Abelian symmetries [202, 235, 142].
In section 4.8, we interpret duality in curved backgrounds as a spontaneously broken gauge
symmetry of string theory [139]; this is in analogy with the discussion of the flat case (see section
2.6). Finally, in section 4.9, we discuss duality and topology change in string theory [139].
4.1 Factorized Duality in Non-Linear σ-Models
In this section we follow ref. [246]. Let us consider the σ-model action
S =
1
2π
∫
d2z (Gµν(x) +Bµν(x))∂x
µ∂¯xν , (4.1.1)
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where G is the metric on some manifold and the antisymmetric background B is the potential
for the torsion three-form H = 3
2
dB. The complex worldsheet coordinates and derivatives are
z ≡ 1√
2
(τ + iσ), ∂ ≡ 1√
2
(∂τ − i∂σ), (4.1.2)
and therefore, d2z = dσdτ , and ∂x∂¯x = 1
2
((∂τx)
2 + (∂σx)
2).
Suppose that the action (4.1.1) is invariant under the isometry
δxµ = ǫkµ. (4.1.3)
This happens when the vector kµ satisfies the Killing equation LkGµν = kµ;ν + kν;µ = 0 and, in
addition, LkH = 0, where Lk is the space-time Lie derivative. The latter implies that locally
LkB = dω (4.1.4)
for some one form ω. Here d is the space-time exterior derivative. For σ-models that have, in
addition, a dilaton term
Sdilaton = − 1
8π
∫
d2zφ(x)R(2), (4.1.5)
the dilaton field φ must satisfy kµφ,µ = 0.
With these conditions it is possible to choose coordinates {xµ} = {x0, xa} such that the
isometry acts by translation of x0 ≡ θ, and all the background fields, G,B and φ, are inde-
pendent of θ. (Here one has to use the fact that B is defined only up to (space-time) gauge
transformations, B → B+dλ, for some one-form λ; the one-form ω defined in (4.1.4) transforms
under this gauge symmetry as ω → ω + Lkλ.) In the coordinates {θ, xa}, the action (4.1.1,
4.1.5) takes the form
S[xa, θ] =
1
2π
∫
d2z
[
G00(x
c)∂θ∂¯θ + (G0a(x
c) +B0a(x
c))∂θ∂¯xa + (Ga0(x
c) +Ba0(x
c))∂xa∂¯θ +
(Gab(x
c) +Bab(x
c))∂xa∂¯xb − 1
4
∫
d2zφ(xc)R(2)
]
.
(4.1.6)
To get the dual theory, we gauge the Abelian symmetry by minimal coupling, ∂θ → ∂θ+A,
∂¯θ → ∂¯θ + A¯, and add a Lagrange multiplier term θ˜F , where F = ∂A¯− ∂¯A is an Abelian field
strength. Choosing a gauge θ = 0, one finds the first-order action S[xa, A, θ˜] [261, 118, 34]
S[xa, A, θ˜] =
1
2π
∫
d2z
[
G00AA¯+ (G0a +B0a)A∂¯x
a + (Ga0 +Ba0)∂x
aA¯ +
(Gab +Bab)∂x
a∂¯xb − 1
4
∫
d2zφR(2) + θ˜F
]
. (4.1.7)
The integration of the Lagrange multiplier field θ˜ gives F = 0, implying that on a topologically
trivial worldsheet the gauge fields are pure gauge, A = ∂θ, A¯ = ∂¯θ. Thus, one recovers the
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original model (4.1.1) (modulo some important global issues that will be discussed below).
Integrating out the gauge fields A, A¯ one finds the dual model; this is a new theory with action
S ′ [34, 35]
S ′ =
1
2π
∫
d2z
[
(G′µν(x
a) +B′µν(x
a))∂yµ∂¯yν − 1
4
∫
d2zφ′(xa)R(2)
]
, (4.1.8)
where {yµ} = {θ˜, xa}, and the dual background is related to the original one by the action
of factorized duality in the x0 direction (exactly as in the flat case in section 2.4 (2.4.29)).
Explicitly:
G′00 =
1
G00
, G′0a =
B0a
G00
, G′ab = Gab −
Ga0G0b +Ba0B0b
G00
B′0a =
G0a
G00
, B′ab = Bab −
Ga0B0b +Ba0G0b
G00
. (4.1.9)
The dilaton field receives corrections from the Jacobian that comes from integrating out the
gauge fields. At one loop, this leads to a shift in the dilaton [33, 34, 35]:
φ′ = φ+ logG00. (4.1.10)
With this shift, if the original theory is conformal invariant, at least to one-loop order, the dual
theory is conformal invariant as well.
The dual theory is independent of the coordinate θ˜, and therefore, it also has an Abelian
isometry. However, in general, the geometry of the σ-model is changed by the duality transfor-
mation.
Are the dual theories equivalent as CFTs? To answer this question in the affirmative, one
ought to show that the two theories are equivalent on worldsheets of any genera. For this reason
one has to consider global issues of the procedure [246, 148, 4]. Let us assume that the isometry
corresponds to a compact U(1) group, so that the coordinate θ is periodic with periodicity 2π.
To recover the original model after integrating out θ˜, namely, to get the correct periodicity for
θ, the holonomies h =
∮
A along any non-trivial homology cycle of the worldsheet should be
restricted to integer numbers. To restrict h one should add
∑
n δ(h = n) to the path integral.
For example, for a worldsheet with the topology of a torus one may write
∑
n
δ(h = n) =
∑
na,nb
ei(na
∮
a
A+nb
∮
b
A). (4.1.11)
In other words, the term na
∮
aA + nb
∮
bA is added to the action S[x,A, θ˜], and the integration
measure of the path integral contains a sum over na, nb. Integrating out θ˜ gives the original
model (4.1.1). Now, to integrate outA (by first doing partial integration on θ˜F to get ∂θ˜A¯−∂¯θ˜A)
we must interpret na, nb as the winding modes of θ˜ around the a- and b-cycles on the torus. This
fixes the periodicity of θ˜ to be 2π. With this periodicity the action (4.1.8) indeed is equivalent
to the original model without the gauge field.
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4.2 O(d, d,Z) in Curved Backgrounds Independent of d Coordinates
We will now show that the factorized duality (4.1.9, 4.1.10) in the θ direction is a symmetry
of the CFT. This symmetry can be generalized to all the elements of O(d, d,Z) if the curved
background possesses d Abelian symmetries [147].
To show this we first construct, in subsection 4.2.1, general (conformal) curved backgrounds
in D dimensions, that are independent of d coordinates, as Abelian quotients [154, 22, 128, 164,
3, 186, 250, 187] of a “parent” CFT in a (D + d)-dimensional background. Then the proof will
be done [246, 147] relating different backgrounds in D dimensions, by gauging in different ways
– axial or vector – the d Abelian symmetries of the parent σ-model, and combining the different
gaugings with some manifest symmetries of the resulting D-dimensional quotients.
In subsection 4.2.2, we use the construction of subsection 4.2.1 to find the discrete symmetries
of the space of these D-dimensional backgrounds. In subsection 4.2.3, we explore the group
structure of these symmetries, and find a group isomorphic to O(d, d,Z), as well as a simple
expression for its action on the backgrounds [147], analogous to the flat case (see section 2.4).
In subsection 4.2.4, we focus on the dilaton and its transformations.
4.2.1 σ-Models Independent of d Coordinates as Quotients
Following [147], we start with a CFT with d Abelian chiral currents J i and anti-chiral currents
J¯ i. The parent action is
SD+d =S1 + Sa + S[x] ,
S1 =
1
2π
∫
d2z
[
∂θi1∂¯θ
i
1 + ∂θ
i
2∂¯θ
i
2 + 2Σij(x)∂θ
i
2∂¯θ
j
1 + Γ
1
ai(x)∂x
a∂¯θi1 + Γ
2
ia(x)∂θ
i
2∂¯x
a
]
Sa =
1
2π
∫
d2z
[
∂θi1∂¯θ
i
2 − ∂θi2∂¯θi1
]
S[x] =
1
2π
∫
d2z
[
Γab(x)∂x
a∂¯xb − 1
4
Φ(x)R(2)
]
,
(4.2.1)
where i, j = 1, . . . , d and a, b = d + 1, . . . , D, and Σij ,Γ
1
ai,Γ
2
ia,Γab are components of arbitrary
x-dependent matrices, such that, together with the dilaton Φ, the worldsheet theory described
by the action SD+d is conformal.
The antisymmetric term Sa is (locally) a total derivative, and therefore, may give only
topological contributions, depending on the periodicity of the coordinates θ. We define
θi = θi2 − θi1 , θ˜i = θi1 + θi2 , (4.2.2)
and specify their periodicity:
θi ≡ θi + 2π , θ˜i ≡ θ˜i + 2π . (4.2.3)
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In these coordinates, Sa becomes
Sa =
1
2π
∫
d2z
1
2
[
∂θ˜i∂¯θi − ∂θi∂¯θ˜i
]
, (4.2.4)
which takes half-integer values, and therefore, contributes to the path-integral.
The action SD+d (4.2.1) is invariant under the U(1)
d
L×U(1)dR affine symmetry generated by
chiral currents J i and anti-chiral currents J¯ i given by
J i = ∂θi1 + Σji∂θ
j
2 +
1
2
Γ1ai∂x
a
=
1
2
[
−(I − Σ)ji∂θj + (I + Σ)ji∂θ˜j + Γ1ai∂xa
]
,
J¯ i = ∂¯θi2 + Σij ∂¯θ
j
1 +
1
2
Γ2ia∂¯x
a
=
1
2
[
(I − Σ)ij ∂¯θj + (I + Σ)ij ∂¯θ˜j + Γ2ia∂¯xa
]
.
(4.2.5)
Let us now gauge the d anomaly-free axial combinations of the symmetries (4.2.5) by minimal
coupling ∂θ˜i → ∂θ˜i +Ai, ∂¯θ˜i → ∂¯θ˜i + A¯i. (Other options are generated by discrete symmetries
discussed later.) The gauged action is
Sgauged = SD+d +
1
2π
∫
d2z
[
AiJ¯ i + A¯iJ i +
1
2
AiA¯j(I + Σ)ij
]
. (4.2.6)
Integrating out the gauge fields Ai, A¯i gives:
SD =
1
2π
∫
d2z
[
EIJ(x)∂XI ∂¯XJ − 1
4
φ(x)R(2)
]
=
1
2π
∫
d2z
[
Eij(x)∂θ
i∂¯θj + F 2ia(x)∂θ
i∂¯xa + F 1ai(x)∂x
a∂¯θi
+ Fab(x)∂x
a∂¯xb − 1
4
φ(x)R(2)
]
.
(4.2.7)
Notice that SD is independent of θ˜, as expected. In eq. (4.2.7)
{XI |I = 1 . . .D} = {θi, xa |i = 1 . . . d, a = d+ 1 . . .D}.
In the first line in (4.2.7), we have combined the background fields into a D × D background
matrix E
EIJ = GIJ + BIJ =
(
Eij F
2
ib
F 1aj Fab
)
. (4.2.8)
Here G and B denote the symmetric part and antisymmetric part of E , respectively. The four
block components in (4.2.8) are
Eij = (I − Σ)ik(I + Σ)−1kj , (4.2.9)
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and
F 2ia = (I + Σ)
−1
ij Γ
2
ja , F
1
ai = −Γ1aj(I + Σ)−1ji , Fab = Γab −
1
2
Γ1ai(I + Σ)
−1
ij Γ
2
jb . (4.2.10)
The D-dimensional background E(x) is independent of the d coordinates θi. It is the most
general σ-model with d commuting, compact Abelian symmetries, since for any such background
the relations (4.2.9, 4.2.10) can be inverted to solve for (Σ,Γ) in terms of (E,F ). Moreover, if
the original model SD+d (4.2.1) is conformal, then SD is conformal as well [246],
24 with a dilaton
field
φ = Φ + log det(I + Σ) . (4.2.11)
This relation is also invertible. Therefore, a σ-model of a D-dimensional background, which
is independent of d coordinates, can be described as a quotient of a worldsheet theory in a
(D + d)-dimensional background with d chiral currents and d anti-chiral currents.
Finally, if the theory in D-dimensional background is conformally invariant, then the parent
theory in (D+ d)-dimensional background is conformal as well [246], and hence, any CFT with
a background that is independent of d coordinates can be described as a quotient of a CFT with
a (D + d)-dimensional background.
4.2.2 Discrete Symmetries
The construction in the previous subsection allow us to understand (some of) the global structure
in the moduli space of string vacua in curved backgrounds that are independent of d coordinates.
Here we will study discrete symmetries that relate different backgrounds (E(x), F (x), φ(x))
(4.2.7) which correspond to the same CFT.
We first discuss transformations of (E(x), F (x), φ(x)) that follow from manifest symmetries
of the action SD+d (4.2.1). We then combine them with transformations that are manifest
symmetries of SD (4.2.7) to find a discrete symmetry group isomorphic to O(d, d,Z).
The SD+d theory is invariant under the coordinate transformations
θ1 → O1θ1 , θ2 → O2θ2 , (4.2.12)
together with the transformations of the background
Σ→ O2ΣOt1 , Γ1 → Γ1Ot1 , Γ2 → O2Γ2 , Γ→ Γ , (4.2.13)
where
O1, O2 ∈ O(d,Z) , 1
2
(O1 ± O2)ij ∈ Z . (4.2.14)
24Although SD is conformal only to one loop, higher-order corrections to the background that give an exact
CFT with aD-dimensional background exist [246, 147, 197]; these corrections come from the integration measure.
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Here O(d,Z) is the group of matrices O with integer entries satisfying OOt = I.
These symmetries can be found as follows: The action SD+d is invariant, up to total deriva-
tives, under O(d,R) × O(d,R) acting on (θ1, θ2) as in (4.2.12), together with (4.2.13) for the
backgrounds. The periodic coordinates θ, θ˜ (4.2.2) transform as:(
θ
θ˜
)
→ 1
2
(
O1 +O2 O1 − O2
O1 − O2 O1 +O2
)(
θ
θ˜
)
(4.2.15)
To preserve the periodicities of θ, θ˜ (4.2.3), the condition (4.2.14) must be satisfied. In particular,
this implies O1, O2 ∈ O(d,Z).
A total derivative comes from the transformation of Sa (4.2.4), and is
Sa[O1θ1, O2θ2]− Sa[θ1, θ2] = 1
2π
∫
d2z
[
Mij(∂θ˜
i∂¯θ˜j − ∂θi∂¯θj) +Nij(∂θi∂¯θ˜j − ∂θ˜i∂¯θj)
]
, (4.2.16)
where
M =
1
4
(Ot1 −Ot2)(O1 +O2) , N =
1
4
(Ot1 −Ot2)(O1 − O2) . (4.2.17)
The condition (4.2.14) implies that Mij, Nij ∈ Z, and hence the total derivative is an integer,
and does not contribute to the path integral. This concludes the proof that (4.2.12, 4.2.13) are
symmetries of the action SD+d.
The transformations of the background (4.2.13) induce transformations of the background
(E(x), F (x), φ(x)) (4.2.9, 4.2.10, 4.2.11) in SD (4.2.7):
E → E ′ = (I − O2ΣOt1)(I +O2ΣOt1)−1 (4.2.18)
F 1 → F 1′ = −Γ1(O1 +O2Σ)−1
F 2 → F 2′ = (Ot2 + ΣOt1)−1Γ2
F → F ′ = Γ− 1
2
Γ1(Ot2O1 + Σ)
−1Γ2
(4.2.19)
φ→ φ′ = Φ + log det(I +O2ΣOt1) . (4.2.20)
These transformations can be rewritten as
E ′ =
[
(O1 +O2)E + (O1 −O2)
][
(O1 −O2)E + (O1 +O2)
]−1
(4.2.21)
F 1′ =2F 1
[
(O1 −O2)E + (O1 +O2)
]−1
F 2′ =
1
2
[
(O1 +O2)−E ′(O1 −O2)
]
F 2
F ′ =F − F 1
[
(O1 − O2)E + (O1 +O2)
]−1
(O1 −O2)F 2
(4.2.22)
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φ′ = φ+
1
2
log
[ detG
detG′
]
= φ+
1
2
log
[ detG
detG′
]
, (4.2.23)
where G is the background metric as defined in (4.2.8) and G is the symmetric part of E (4.2.9).
We discuss the dilaton transformation (4.2.23) in detail in subsection 4.2.4.
The transformations (4.2.12, 4.2.13) induce a non-trivial action on the currents (4.2.5), and
hence, S ′D (SD with a transformed background (E
′, F ′, φ′)) is derived from SD+d (4.2.1) by
a different quotient. For example, some symmetries simply change the sign of a J i without
changing J¯ i; this corresponds to a vector gauging (as opposed to an axial gauging) of the i’th
U(1). We thus refer to such symmetries as axial-vector duality [196] (and we show that these
are exact symmetries in section 4.8).
We now consider the additional transformations that are manifest symmetries of the action
SD itself. The first are integer “Θ”-parameters that shift E:
Eij → Eij +Θij , Θij = −Θji ∈ Z
F 1 → F 1 , F 2 → F 2 , F → F . (4.2.24)
We refer to the group generated by these transformations as Θ(Z). These are obviously sym-
metries, as they shift the action SD (4.2.7) by an integer, and therefore, do not change the path
integral.
The second type of transformations are given by homogeneous transformations of E,F 1, F 2
under A ∈ GL(d,Z):
E → AtEA , F 2 → AtF 2 , F 1 → F 1A , F → F . (4.2.25)
These are obviously symmetries of the theory described by SD, as they generate a change of
basis in the space of θ’s that preserves their periodicities.
Neither the Θ(Z) nor the GL(d,Z) transformations affect the dilaton, since they do not
change the integration measure of the path integral; consequently, they are symmetries of the
exact CFTs, and receive no higher-order corrections.
The group generated by all the symmetries discussed is isomorphic to O(d, d,Z). A natural
embedding of O(d, d,Z) in O(D,D,Z) acts on the background E by fractional linear transfor-
mations, analogous to the flat case and as explained in the following subsection.
4.2.3 The Action of O(d, d,Z)
We begin by establishing our notation following section 2.4 and refs. [141, 147]. As explained
in section 2.4 the group O(d, d,R) can be represented as (2d × 2d)-dimensional matrices g
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preserving the bilinear form J :
g =
(
a b
c d
)
, J =
(
0 I
I 0
)
, (4.2.26)
where a, b, c, d, I are (d× d)-dimensional matrices, and
gtJg = J ⇒ atc+ cta = 0 , btd+ dtb = 0 , atd+ ctb = I . (4.2.27)
This has an obvious embedding in O(D,D,R) as
gˆ =
(
aˆ bˆ
cˆ dˆ
)
, (4.2.28)
where aˆ, bˆ, cˆ, dˆ are (D ×D)-dimensional matrices of the form
aˆ =
(
a 0
0 I
)
, bˆ =
(
b 0
0 0
)
, cˆ =
(
c 0
0 0
)
, dˆ =
(
d 0
0 I
)
(4.2.29)
(here I is the (D − d)× (D − d)-dimensional identity matrix).
We define the action of gˆ on E by fractional linear transformations:
gˆ(E) =E ′ = (aˆE + bˆ)(cˆE + dˆ)−1
=
(
E ′ (a− E ′c)F 2
F 1(cE + d)−1 F − F 1(cE + d)−1cF 2
) , (4.2.30)
where
E ′ = (aE + b)(cE + d)−1 (4.2.31)
is a fractional linear transformation of E under O(d, d,R). If E is constant we recover the action
of O(D,D,R) on the D-dimensional toroidal background matrix, as discussed in section 2.4.
Let us recall here that the group O(d, d,R) is generated by:
GL(d,R): (
a b
c d
)
=
(
At 0
0 A−1
)
s.t. A ∈ GL(d,R) . (4.2.32)
Θ(R): (
a b
c d
)
=
(
I Θ
0 I
)
s.t. Θ = −Θt . (4.2.33)
Factorized duality:(
a b
c d
)
=
(
I − e1 e1
e1 I − e1
)
s.t. e1 = diag(1, 0, . . . , 0) . (4.2.34)
The maximal compact subgroup of O(d, d,R) is O(d,R)× O(d,R) embedded as(
a b
c d
)
=
1
2
(
o1 + o2 o1 − o2
o1 − o2 o1 + o2
)
s.t. o1, o2 ∈ O(d,R) . (4.2.35)
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This subgroup includes factorized duality (4.2.34).
We now turn from definitions to the actual symmetries of the CFT. These form an O(d, d,Z)
discrete subgroup of O(d, d,R) that acts on the background as above. The elements of the
subgroup O(d, d,Z) are given by matrices g of the form (4.2.26, 4.2.27) with integer entries.
Just as in the continuous case, the discrete group is generated by GL(d,Z), Θ(Z), and
factorized duality; these are given by (4.2.32, 4.2.33, 4.2.34) with integer entries. The subgroup
O(d,Z) × O(d,Z) is given by the matrices (4.2.35), again with integer entries. Clearly, the
O(d,Z)×O(d,Z) symmetries (4.2.21, 4.2.22), the Θ(Z) symmetries (4.2.24), and the GL(d,Z)
symmetries (4.2.25), that we found in the previous subsection, act on the background by the
O(d, d,Z) ⊂ O(D,D,Z) fractional linear transformations (4.2.30) with the matrices a, b, c, d
given by (4.2.35), with o1,2 = O1,2, (4.2.33), with Θ ∈ Z, and (4.2.32), with A ∈ GL(d,Z),
respectively.
These results are compatible with the discrete symmetries of the space of flat D-dimensional
toroidal backgrounds [146, 260, 140], described in section 2.4. In that case, the O(d, d,Z)
symmetries, described above, are simply a subgroup of the full O(D,D,Z) symmetry group
which acts as in (4.2.30), for any gˆ ∈ O(D,D,Z). For curved D-dimensional backgrounds, we
expect to find some large symmetry group analogous to O(D,D,Z); here we have described its
O(d, d,Z) subgroup that is associated with a d-dimensional toroidal isometry of the background.
In the flat case, the fractional linear transformation is an exact map between equivalent
backgrounds; in the curved case, in general, one expects higher-order corrections to the trans-
formed background [34, 35, 33, 264, 271]. For Θ(Z) and GL(d,Z), the transformations are
exact; however, factorized duality receives corrections from the path-integral measure. Never-
theless, because the transformation is exact in the (D + d)-dimensional model, we know that
non-perturbative correction must exist such that factorized duality is exact25.
We close this subsection with a general remark. The group O(d, d,R) has disconnected
components; in particular, factorized duality has det = −1, and hence is not connected to the
identity. Therefore, one expects that in general the moduli space is made of several disconnected
components mapped into each other by O(d, d,R) transformations. In the flat case the moduli
space is connected and this phenomenon does not occurs. However, in other cases one may get
various disconnected components of backgrounds with different topologies 26. This issue will be
addressed later.
25N = 4 supersymmetry can protect duality transformations, and there are examples where the one-loop
transformations are exact even in curved backgrounds. Exact duality was also described for superstrings and
(1, 1) heterotic backgrounds corresponding to cosets in [145], and in some examples of bosonic string backgrounds
[139, 272, 200].
26Factorized duality is similar to mirror symmetry [159], which also identifies two (possibly) disconnected com-
ponents of moduli space corresponding to backgrounds with different topologies. For N = 2 toroidal (orbifold)
backgrounds, mirror symmetry and factorized duality are identical [150].
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4.2.4 The Dilaton
To complete the previous discussion of the transformation of the background under O(d, d,Z),
we consider the transformation of the dilaton [34, 136, 140, 5, 271, 147, 251]. This is summarized
in eq. (4.2.23), which is derived by proving that the quantity
φ˜ = φ+
1
2
log detG (4.2.36)
is invariant under O(d, d,Z) transformations [147]. This implies
φ′ = φ+
1
2
log
( detG
detG′
)
. (4.2.37)
The second equality in (4.2.23) follows from the proof of (4.2.36) given below.
We begin with the identity
(
Gij Gib
Gaj Gab
)
=
(
Gik 0
Gak Iac
)(
Ikj (G
−1)klGlb
0 Gcb −Gcm(G−1)mlGlb
)
(4.2.38)
which implies
det(G) = det(Gij) det(Gab −Gak(G−1)klGlb) . (4.2.39)
We next prove that the following two quantities are separately invariant under O(d, d,Z) trans-
formations:
the invariant fiber dilaton : φˆ = φ+
1
2
log det(Gij) , (4.2.40)
the quotient metric : Gab −Gak(G−1)klGlb . (4.2.41)
Geometrically, a D-dimensional space whose metric is independent of d coordinates θi can be
thought of as a bundle M with fiber coordinates θ. The metric on the fiber is Gij , and hence we
refer to φˆ as the “invariant fiber dilaton.” The induced metric on the quotient space M/{θi} is
the quotient metric (4.2.41).
To prove the invariance of (4.2.40), we consider the action of the generators of O(d, d,Z)
separately. The GL(d,Z) and Θ(Z) transformations trivially leave φ and det(Gij) invariant,
and hence φˆ as well. To show invariance under factorized duality, we write φˆ explicitly in terms
of Σ:
φˆ =Φ+ log det(I + Σ) +
1
2
log det
1
2
[
(I − Σ)(I + Σ)−1 + (I + Σt)−1(I − Σt)
]
=Φ+
1
2
log det(I − ΣtΣ) .
(4.2.42)
To get the second equality, we need to split log det(I+Σ) as 1
2
log det(I+Σ)+ 1
2
log det(I+Σt).
Under Σ → O2ΣOt1 (4.2.13), (I − ΣtΣ) → O1(I − ΣtΣ)Ot1, and hence φˆ is invariant. This
completes the proof of the invariance of the fiber dilaton φˆ.
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The proof of the invariance of (4.2.41) is entirely parallel; again, the GL(d,Z) and Θ(Z)
transformations trivially leave (4.2.41) unchanged. To prove invariance under factorized duality,
we express (4.2.41) explicitly in terms of Σ,Γ1,Γ2,Γ (see (4.2.9, 4.2.10)):
Gab −Gak(G−1)klGlb
=
[1
2
(Γ + Γt)− 1
4
{Γ1(I + Σ)−1Γ2 + Γ2t(I + Σt)−1Γ1t}
+
1
2
{Γ1(I + Σ)−1 + Γ2t(I + Σt)−1}{(I − Σ)(I + Σ)−1 + (I + Σt)−1(I − Σt)}−1
× {(I + Σ)−1Γ2 + (I + Σt)−1Γ1t}
]
ab
=
[1
2
(Γ + Γt) +
1
4
{Γ1(I − ΣtΣ)−1(Γ1t + ΣtΓ2) + Γ2t(I − ΣΣt)−1(Γ2 + ΣΓ1t)}
]
ab
.
(4.2.43)
The final expression is manifestly invariant under (4.2.13), which completes the proof of the
invariance of the quotient metric (4.2.41).
The invariance of φ˜ in (4.2.36) follows from the invariance of (4.2.40, 4.2.41) together with the
identity (4.2.39). This is compatible with results in low-energy effective field theories [144, 225],
as discussed in section 2.8, and string field theory [254, 204], and physically implies that the
string coupling constant g−1string =< e
φ˜ >=<
√
detG eφ > is invariant under O(d, d,Z). The
invariance of (4.2.40, 4.2.41) actually proves that
√
det(Gij) e
φ and the quotient metric (4.2.41)
are separately invariant; of course, this holds only for O(d, d,Z), and not for the full O(D,D,Z)
in which the former group is embedded.
4.3 The Action of O(d, d,R)
In the previous subsection we have discussed the action of the discrete group O(d, d,Z). The
continuous group O(d, d,R) also maps a conformal background [141, 278, 225, 122, 219], that
is independent of d coordinates, onto (the leading order of) a conformal background. Namely,
given a conformal background E , φ and an element g in O(d, d,R) (4.2.26), then the background
g(E , φ) = (E ′, φ′) given by eqs. (4.2.30) and (4.2.37) is the leading order of an exact conformal
background.
This is true because not only the discrete groups Θ(Z) and GL(d,Z), but also Θ(R) and
GL(d,R), transform exact backgrounds to exact backgrounds. Moreover, we have shown that
there is a CFT corresponding to an exact background whose leading order is given by acting
on the original one with factorized duality, as explained in the previous section. Now, because
the full O(d, d,R) group is generated by Θ(R), GL(d,R) and factorized duality, we conclude
that the action of O(d, d,R) on a conformal background with d commuting, compact Abelian
symmetries generates the leading order of an exact background.
The moduli space of curved string backgrounds with d Abelian symmetries (generated by
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O(d, d,R) rotations) was suggested at first by studies of both low-energy effective actions
[141, 89, 143, 144, 225, 122] and worldsheet actions on the sphere [116, 50, 227]. These
studies suggested that there is a moduli subspace of backgrounds, independent of d coordi-
nates, isomorphic to O(d, d,R)/G. Here G is at least the diagonal subgroup O(d,R)diag of
O(d,R) × O(d,R) (the maximal compact subgroup of O(d, d,R)). (Needless to say, for flat
backgrounds G = O(d,R)×O(d,R) [236, 238]). This is consistent with results from string field
theory [254]. This moduli subspace is only correct when the d coordinates have the topology
of a torus. Though in general the local structure of the moduli space is unknown, when the
background is independent of d periodic coordinates, we can still identify a discrete symmetry
group that acts on the moduli space, as described in the previous section.
The method of O(d, d,R) transformations is useful to generate a large class of curved string
backgrounds. Generating solutions in this way was discussed extensively in the literature. For
example, in refs. [255, 166, 179, 173, 147, 256, 190, 184] O(d, d,R) rotations were used in
order to generate many kinds of (charged) black objects (black holes, black strings etc.); in
refs. [225, 122, 142, 123, 192, 2, 193] this method was used to generate cosmological solutions.
In sections 4.5, 4.6 we will describe examples of black-object solutions, and in section 4.7 we
will describe examples of cosmological string backgrounds with Abelian symmetries.
4.4 The Heterotic String
In this section, we discuss the explicit form of the discrete symmetries of the heterotic string
following ref. [147]. This form can be shown to hold to leading order in α′ for N = (1, 1) cosets
and their deformations following refs. [145, 139]. Its validity for the general case was conjectured
in ref. [147], by requiring compatibility with the flat limit [146, 260], described in section 2.5,
and with the bosonic case. We start with a curved heterotic background, which we assume is a
consistent, conformally invariant, heterotic string theory, with action:
Sheterotic =
1
2π
∫
d2z
[
EIJ(x)∂XI ∂¯XJ +AIA(x)∂XI ∂¯Y A
+ EAB∂Y
A∂¯Y B − 1
4
φ(x)R(2) + (fermionic terms)
]
,
(4.4.1)
and with the constraints that the Y A are covariantly chiral bosons: ∂Y A + AAI ∂XI = 0. As
before {XI} = {θi, xa|i = 1 . . . d and a = d+ 1 . . .D}. In addition, we have dint internal chiral
bosons Y A: A = 1 . . . dint. In flat space we have dint = 16, but more generally, we may find
other solutions [71, 224]. The space-time background is given by (E ,φ), as in the bosonic case
(4.2.8, 4.2.11), and, in addition, the gauge field A. We assume that this curved background is
independent of the d coordinates θi. The constant internal background is
EAB = GAB +BAB , (4.4.2)
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where GAB is the metric on the internal lattice (one half the Cartan matrix of the internal
symmetry group when the lattice is the root lattice of a group) and BAB is its antisymmetrization
[94], i.e., EAB is upper triangular. In the space-time supersymmetric flat case, the symmetry
group is E8 ×E8.27 In curved space, this group is in general different [71, 224].
Following section 2.5 [146], the expected symmetry group is isomorphic to O(d, d+ dint,Z)
embedded in O(D,D+ dint,Z) as in section 2.5, and acting by fractional linear transformations
on the (D + dint)× (D + dint) dimensional matrix
Ξ(x) =
( EIJ + 14AIA(G−1)ABAJB AIA
0 EAB
)
. (4.4.3)
Here (G−1)AB is the inverse of GAB in (4.4.2). The matrix Ξ is the embedding of the heterotic
background into a bosonic (D+dint)-dimensional background, and the groupO(D,D+dint) is the
subgroup of O(D+dint, D+dint) that preserves the form (4.4.3). Note that the space-time metric
GIJ (the symmetric part of EIJ in (4.4.3)) is the quotient metric of the (D + dint)-dimensional
space modulo {Y A} (here, GAB is the fiber metric). This leads to a simple expression for the
transformation of the dilaton:
φ′ = φ+
1
2
log
( detG
detG′
)
; (4.4.4)
note that this is independent of the gauge fields.
4.5 Application I: the D=2 Black Hole Duality
In this section, we discuss the first nontrivial example of curved-space duality, namely, a D = 2
background that is independent of one coordinate (d = 1). Such a background can be derived
as a gauged WZNW model SU(2)/U(1) or SL(2,R)/U(1). The exact conformal field theory
corresponding to an SL(2,R)/U(1) gauged WZNW model [20] describes a black hole in two
dimensional space-time [285]. We will describe the duality of the D = 2 black hole [137, 83] in
some detail to examine explicitly the procedure presented in section 4.2 for this simple exam-
ple. Moreover, we will discuss some of its interesting consequences, namely: interchanging the
horizon with the singularity, and taking seriously the space-time region beyond the singularity.
This example also illustrates the possibility to generate D-dimensional curved backgrounds,
independent of d coordinates, from G/H coset CFTs and their duals.
The Gk WZNW model and its gauging
At first, let us describe briefly a general WZNW model on a group manifold G at level k (we
call it the Gk WZNW model), and its gauging. The action of the WZNW model is [282]
S[g] =
k
4π
I[g] +
k
6π
Γ[g], (4.5.1)
27The Spin(32)/Z2 string can be described as the E8 × E8 string with a particular gauge field background
[132, 236, 238].
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I[g] =
∫
Σ
d2σ
√
hhijTr(eiej), Γ[g] =
∫
B, ∂B=Σ
d3σǫijkTr(eiejek), (4.5.2)
where Σ is a worldsheet with coordinates σi and metric hij , and
ei ≡ g−1∂ig, (4.5.3)
where the field g is a map from the worldsheet to the group manifold G; it can be taken to be
a matrix in the fundamental representation of G. The trace in (4.5.2) is an invariant form on
the Lie algebra of G, and the Wess-Zumino term, Γ[g], produces an antisymmetric background
on the worldsheet Σ, after integration over the third coordinate of B. Explicitly, in the matrix
representation T for the Lie algebra,
[Ta, Tb] = f
c
abTc, Tr(TaTb) = ηab, a, b, c = 1, ..., dimG, (4.5.4)
and parametrizing g(X) ∈ G in a set of coordinates XA(σi), A = 1, ..., dimG, one finds
S[X] =
1
4π
∫
d2σ
[√
hhijGAB(X)∂iX
A∂jX
B + ǫijBAB(X)∂iX
A∂jX
B
]
, (4.5.5)
where GAB(X), BAB(X) are given by the left-invariant vielbeins, eA(X),
eA ≡ g−1∂Ag = eaATa, ∂AecB − ∂BecA = eaAebBf cab,
GAB = kηabe
a
Ae
b
B,
kTr (eA[eB, eC ]) = ∂ABBC + ∂BBCA + ∂CBAB. (4.5.6)
The WZNW model can serve as a starting point to generate other CFTs. From an algebraic
point of view this was done in what is termed the “coset model” [21, 154]. Given a Gk WZNW
model with central charge cG, a subgroup Hk′ (of appropriate level k
′ and central charge cH)
could be used to generate a new Virasoro algebra of central charge cG/H = cG − cH .
A Lagrangian formulation for this method was found by gauging an anomaly-free subgroup
H ⊂ G [233, 22]. The Lagrangian does not contain a kinetic term for the gauge fields. In the
absence of these terms, the gauge theory is also conformal. Modular invariance of the Gk model
ensures modular invariance of the coset. The coset Lagrangian reproduces the central charge
cG/H , and the appropriate spectrum. The gauged WZNW model has as basic fields the matter
ones, appearing in the Gk model, and the gauge fields. One may rewrite the gauged model in
terms of non-linear σ-model variables. This is done by integrating out the gauge fields [20]. To
one loop the backgrounds need to be supplemented by a dilaton field [285].
4.5.1 The Euclidean SL(2,R)/U(1) Black Hole and its Dual
To write the action for the gauged SL(2,R) WZNW model we will parametrize the group
manifold by “Euler angles.” Following the notation in [83] we introduce real coordinates x, θ1, θ2,
and write g ∈ SL(2,R) as
g = eiθ1σ3exσ2eiθ2σ3 , (4.5.7)
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with σa the Pauli matrices. The coordinates θ1, θ2 are such that θ = θ2−θ1 and θ˜ = θ1+θ2 have
periodicity 2π, and 0 ≤ x < ∞. This parametrization is convenient for describing the CFT of
the Euclidean SL(2,R)/U(1) coset; for the Lorentzian case one should simply replace σ3 → σ1
and θ1,2 → t1,2.
Inserting (4.5.7) into (4.5.1), one finds that in these target space coordinates, and in complex
worldsheet coordinates, the SL(2,R)k WZNW action is
SWZNW [x, θ1, θ2] =
−k
2π
∫
d2z(−∂x∂¯x+ ∂θ1∂¯θ1 + ∂θ2∂¯θ2 + 2 cosh 2x ∂θ2∂¯θ1). (4.5.8)
This action has the same structure as S1 + S[x] in (4.2.1) with Σ = cosh 2x, Γ = −1 and
Γ1 = Γ2 = 0 (except for an overall k factor28, and the antisymmetric term Sa that is understood
to be present).
The action (4.5.8) is invariant under the U(1)L × U(1)R affine symmetry generated by the
currents
J = −k(∂θ1 + cosh 2x ∂θ2), J¯ = −k(∂¯θ2 + cosh 2x ∂¯θ1). (4.5.9)
These currents are the same as in (4.2.5) up to the overall k factor discussed above. Therefore,
the gauged WZNW action takes the form (4.2.6)
Sgauged = SWZNW [x, θ1, θ2]
+
k
2π
∫
d2z[−A(∂¯θ2 + cosh 2x ∂¯θ1)− A¯(∂θ1 + cosh 2x ∂θ2) + 1
2
AA¯(1 + cosh 2x)].
(4.5.10)
Integrating out the gauge fields and taking k → −k gives:
S[x, θ] =
1
2π
∫
d2z[k(∂x∂¯x+ tanh2 x∂θ∂¯θ)− 1
4
φ(x)R(2)], (4.5.11)
where θ is defined in (4.2.3), the tanh2 x is found by using eq. (4.2.9), and the dilaton is derived
by eq. (4.2.11):
φ(x) = φ0 + log(cosh
2 x). (4.5.12)
Up to 1/k corrections, the metric in (4.5.11) and the dilaton field in (4.5.12) satisfy the
one-loop beta-function equation [92, 222] of ref. [39]
Rab = DaDbφ, (4.5.13)
where Rab is the Ricci tensor of the target space.
28 The generalization of the procedure of section 4.2 to the case when there is an overall k factor in front of
the action (4.2.1) can be done straightforwardly; we have presented only the k = 1 case in section 4.2 because
this is already sufficient to generate all the D-dimensional backgrounds with d Abelian symmetries.
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The central charge of the SL(2,R)/U(1) model is
c = 2 +
6
k − 2 = 2 + 3ǫ
2 +O(ǫ4), (4.5.14)
where
ǫ =
√
2/k. (4.5.15)
It is convenient to absorb the overall factor k in the coordinate x. Defining r = x/ǫ, one finds
the action
S[r, θ] =
1
2π
∫
d2σ
√
hhij
(
∂ir∂jr +
tanh2 ǫr
ǫ2
∂iθ∂jθ
)
− 1
8π
∫
d2σ
√
hφ(r, θ)R(2), (4.5.16)
where
φ(r) = φ0 + log cosh
2 ǫr. (4.5.17)
For completeness and clarification we wrote the action in (4.5.16) with the worldsheet coordi-
nates σi (2.5.2) and worldsheet metric hij appearing explicitly, as in section 2.1.
The action in (4.5.16) describes a σ-model on a background with scalar curvature
R(r) = 4ǫ
2
cosh2 ǫr
, (4.5.18)
and a metric described by the line element
ds2 = dr2 +
tanh2 ǫr
ǫ2
dθ2. (4.5.19)
This background defines a semi-infinite cigar (see figure 1.F) with radius
R0(r) =
tanh ǫr
ǫ
. (4.5.20)
This target space can be interpreted [285] as a Euclidean black hole (see for example [280, 226])
with a temperature 1/β, which is given by the inverse of the radius at infinity, namely
β =
1
ǫ
. (4.5.21)
We now turn to the target space duality transformation of the Euclidean black hole [137,
83, 23]. Let us consider a background of the type
Gab =
(
1 0
0 R2(r)
)
. (4.5.22)
As it was shown in section 4.2, the metric in (4.5.22) and its appropriate dilaton (that solve eq.
(4.5.13)) transform under target space duality by
R(r)→ R′(r) = 1
R(r)
, φ→ φ′ = φ+ logR(r)2. (4.5.23)
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This symmetry also survives when r is a time-like coordinate [264]. In the limit of a constant
background, the duality transformation in (4.5.23) coincides with the one in (2.2.11), describing
the simple circle duality R→ 1/R [194, 247].
In the case of a Euclidean black hole R(r) is given in eq. (4.5.20), and therefore, the dual
action takes the form
S ′[r, θ] =
1
2π
∫
d2σ
√
hhij(∂ir∂jr + ǫ
2 coth2 ǫr ∂iθ∂jθ)− 1
8π
∫
d2σ
√
hφ′(r, θ)R(2), (4.5.24)
where
φ′ = log sinh2 ǫr + φ0 − log ǫ2. (4.5.25)
The dual target space has the form of an infinite trumpet (see figure 1.F), with an r-dependent
radius
R′0(r) = ǫ coth ǫr. (4.5.26)
When r approaches 0 the radius diverges, while at the limit r → ∞ the radius approaches ǫ
asymptotically. The “temperature” of the “dual black hole” is therefore
1
β ′
= β =
1
ǫ
. (4.5.27)
It is remarkable that while the Euclidean black hole background has a trivial fundamental group,
the dual model has π1(trumpet) = Z.
To clarify the property of the symmetry, let us discuss the ǫ → 0 limit. The line element
(4.5.19) in this limit describes a flat open two dimensional space in polar coordinates
ds2ǫ→0 = dr
2 + r2dθ2. (4.5.28)
The dominant states in the Hilbert space for small ǫ are therefore “momentum” states. Those
may be interpreted as particles sent towards the black hole. The target space of the dual model,
although complicated in terms of the r, θ coordinates, for which
(ds′)2ǫ→0 = dr
2 + r−2dθ2, φ = φ0 + log r
2, (4.5.29)
is similar, as a CFT, to a two dimensional torus which partly shrinks to a point. The dominant
states in the Hilbert space for small ǫ are now “winding modes.” Such states do not have an
analog in standard general relativity or in Kaluza-Klein theory; they are a direct consequence
of a string wrapping around circles while propagating in a compact target space. The duality
transformation is a quantum symmetry of string vacua which interchanges momentum modes
with winding modes29.
29 In ref. [197] the duality of D = 2 flat space in polar coordinates was further studied in the mini-superspace
approximation. This is an attempt to understand duality in case the target space M has no pi1(M).
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To lowest order in worldsheet perturbation theory, the graviton-dilaton system can be de-
scribed by a space-time effective action
L =
∫
d2X
√
Geφ(R+Gab∂aφ∂bφ+ 8
k − 2)
=
∫
d2XReφ

−∂2R2
R2
+ 2
(
∂R
R
)2
+ ∂φ∂φ− 8
k − 2

 . (4.5.30)
The additive constant 8/(k − 2) originates from the familiar D− 26 of the bosonic string. The
action in (4.5.30) is invariant under duality: R→ R−1, φ→ φ+logR2. Thus, the graviton and
dilaton field equations derived from this action are duality invariant as well.
4.5.2 The Lorentzian SL(2,R)/U(1) Black Hole and its (Self-)Dual
We now turn to the study of the analytic continuation of the black hole to a Lorentz signature.
Let us first discuss the analytic continuation and the Kruskal extension [280, 226] of the original
black hole following [285, 137]. Naively, one simply sets θ = it 30, whereupon the line element
(4.5.19) is changed to
ds2 = dr2 − tanh
2 ǫr
ǫ2
dt2. (4.5.31)
This metric seems to have a singularity at r = 0, but this must be purely a coordinate singularity,
since the scalar curvature (4.5.18) is regular at r = 0. The analytic continuation past the
coordinate singularity can be found by an extension, similar to the one used for the Schwarzschild
solution [280, 226]. Defining the u, v coordinates
v = sinh ǫr et, u = − sinh ǫr e−t, (4.5.32)
one gets
ds2 = − 1
ǫ2
dudv
1− uv . (4.5.33)
The dilaton field is given by (4.5.17)
φ = φ0 + log(1− uv). (4.5.34)
This solution is similar to that of a black hole in Kruskal-Szekeres coordinates as discussed
in [285, 222].
A space-time diagram for the u, v coordinates is shown in figure 4.A. This diagram has the
same causal structure as the corresponding four-dimensional black hole. In an astrophysical
black hole, which forms from a spherically symmetric collapsing star, some of the regions are
30 Instead of obtaining the Lorentz signature black hole by a formal analytic continuation from a Eu-
clidean space, one can obtain it directly as a conformal field theory by gauging a different U(1) subgroup
of SL(2,R) [285].
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missing, but one still has parts of regions I,II and V. The causal structure of the extended
space-time is easily seen from the diagram in figure 4.A since, by construction, the u = 0 and
v = 0 lines (the horizons) are null geodesic lines. Region I in figure 4.A corresponds to the
original “Lorentzian cigar” (sinh2 ǫr > 0 i.e. uv < 0), and represents the space-time region
outside the past and future horizons. Region II represents the space-time between the future
horizon and the future singularity. In general relativity a signal sent from region V (where time
direction goes sideways) cannot cross the horizon towards an observer in region I. The black
hole singularity at uv = 1, rather than being the future as appearing to an observer in regions
I,II, occurs at the end of the spatial world to an observer in region V. (Region III has exactly
the “time reversed” properties of region II, and is referred to as a white hole. Region IV has
properties identical to region I, and region VI is a continuation over the past singularity. An
observer in region I cannot communicate with any observer in region IV.)
We now come to a striking property of the stringy black hole: we will argue that target
space duality interchanges the horizon with the singularity [137, 83]. Therefore, signals can pass
smoothly through the singularity uv = 1. Such signals should be associated with the winding
modes of the string as was discussed in the Euclidean case. To understand this point let us
present the duality transformation of the original Lorentzian background.
The dual Lorentzian black hole is given by the analytic continuation of the dual Euclidean
black hole. The metric background is thus described by the line element
(ds′)2 = dr2 − ǫ2 coth2 ǫr dt2. (4.5.35)
We will repeat a procedure similar to the coordinate transformation done for the original black
hole. With u, v coordinates defined by
v = cosh ǫr eǫ
2t, u = cosh ǫr e−ǫ
2t, (4.5.36)
one gets
(ds′)2 = − 1
ǫ2
dudv
1− uv . (4.5.37)
The line element (ds′)2 of the dual black hole is thus identical to the line element (4.5.33)
of the original black hole. In the u, v coordinates one cannot distinguish between the original
background and its duality partner. This is not bad since the two theories must be equivalent
as conformal field theories. What is therefore new in regarding the dual black hole? The answer
is remarkable: duality interchanges the asymptotically flat space-time, corresponding to the
Lorentzian cigar, with the space-time inside the black hole singularity; that is, regions I and
V in figure 4.A are interchanged. (Region II is transformed to itself; regions IV and VI are
interchanged and region III is transformed to itself). As a consequence, the physics studied by
an observer in region I is equivalent to the physics in region V. In particular, the dual transform
of a signal leaving region I will be a signal leaving region V. As it was discussed before, this is
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related to the quantum symmetry which interchanges momentum modes with winding modes,
a result of target space duality.
So far we have described the Lorentzian SL(2,R)/U(1) black hole and its target space
duality partner in the graviton and dilaton background. To conclude the study of this example,
let us now consider the propagation of a small “tachyon” disturbance in the Lorentzian black
hole 31, and verify explicitly its invariance under duality. In the black hole space the tachyon
effective action to lowest order in α′ is
L(T ) =
∫
dudv[(1− uv)∂uT∂vT − 8ǫ2T 2]. (4.5.38)
The tachyon field equation is therefore
∂u[(1− uv)∂vT ] + ∂v[(1− uv)∂uT ] + 16ǫ2T = 0. (4.5.39)
Define
z = 1− uv, (4.5.40)
then, with the ansatz T = T (z)T (t), the equation for T (z) is a hypergeometric differential
equation
z(1− z) ∂
2
∂z2
T (z) + (1− 2z) ∂
∂z
T (z) + 8ǫ2T (z) = 0. (4.5.41)
The differential equation is invariant under the duality transformation z → 1 − z. There are
two linearly independent solutions to eq. (4.5.41) given by
T1(z) = F (α, 1− α; 1; z), α = −8ǫ2 +O(ǫ4), (4.5.42)
T2(z) = T1(1− z). (4.5.43)
Here F (α, β; γ; z) is the hypergeometric function. The solution T2 is dual to the solution T1.
The function T2(z) has a singularity at z = 0 (uv = 1), although regular at z = 1 (uv = 0), and
as a result, a physical singularity is created at uv = 1. The dual function T1(z) has a singularity
at z = 1 (uv = 0), although regular at z = 0 (uv = 1).
To summarize, the target space duality transformation of the SL(2,R)/U(1) space-time
leads to strange stringy properties of the black hole. Although we have discussed a particular
black hole in string theory, these properties shall be generalized to other black hole solutions (as
well as cosmological solutions, monopoles, dipoles and other topological backgrounds). There
is an extensive discussion on the generalization of the D = 2 black hole duality to other back-
grounds in the literature (for example, see [18, 271, 273, 62, 24, 147, 68, 63, 170, 172, 240, 171,
135, 191] [142, 185, 174, 125, 198].) In the next section we will describe some more applications
of duality.
31The propagation of a tachyon disturbance in the Euclidean black hole was studied in [92].
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4.6 Applications II: Charged Black Objects in D=2,3
In this section we explore more consequences of the discrete duality symmetries [147]. We first
discuss an exact D = 3 closed string background that is independent of d = 2 coordinates [179].
We then turn to D = 2 heterotic backgrounds [71, 224]. In both cases, we find that uncharged
black compact objects (strings or holes) are equivalent to charged D = 2 black holes [173, 147].
4.6.1 The Closed String Example
The simplest nontrivial example after the D = 2 black hole duality, presented in section 4.5, is
a compact black string obtained by attaching a circle to every point of the D = 2 black hole
space-time (SL(2,R)k/U(1)× U(1)). To leading order, the action is
SBlackString =
1
2π
∫
d2z
[
k(∂x∂¯x+ tanh2x∂θ1∂¯θ1) + α∂θ2∂¯θ2 − 1
4
φ(x)R(2)
]
, (4.6.1)
where
φ(x) = φ0 + log(cosh
2x) . (4.6.2)
The first term in SBlackString is a σ-model in the Euclidean black hole metric, and the second
term corresponds to a free scalar field compactified on a circle of radius
√
α. This D = 3
background is independent of d = 2 coordinates θi, and is described by the background matrix
(4.2.8)
E =
(
E 0
0 F
)
, (4.6.3)
where
E =
(
k tanh2x 0
0 α
)
, F = k . (4.6.4)
The group of generalized duality transformations O(2, 2,Z) maps this background into other
backgrounds that (in general) have different space-time interpretations. Since F1 = F2 = 0 in
(4.6.3, cf. 4.2.8), O(2, 2,R) acts on the background by transforming only E and φ as given in
(4.2.31) and (4.2.37). A particularly interesting point on the orbit of O(2, 2,Z) is reached by
acting with the element
g =
(
I Θ
0 I
)(
p 0
0 p
)(
0 I
I 0
)(
I −Θ
0 I
)
=


(
1 0
0 −1
) (
0 0
0 0
)
(
0 1
1 0
) (
1 0
0 −1
)

 , (4.6.5)
where
I =
(
1 0
0 1
)
, Θ =
(
0 1
−1 0
)
, p =
(
0 1
1 0
)
. (4.6.6)
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One finds that E and φ are transformed to
E ′ = g(E) =
1
1 + αk tanh2x
(
k tanh2x αk tanh2x
−αk tanh2x α
)
=
1
cosh2x− λ
(
k(1− λ)sinh2x λsinh2x
−λsinh2x λcosh2x/k
) (4.6.7)
φ′(x) = φ0 − log(1− λ) + log(cosh2x− λ) , (4.6.8)
where
λ =
kα
1 + kα
. (4.6.9)
This gives the worldsheet action
Scharged =
1
2π
∫
d2z
[
k
(
∂x∂¯x+
(1− λ)sinh2x
cosh2x− λ ∂θ
1∂¯θ1
)
+
λsinh2x
cosh2x− λ(∂θ
1∂¯θ2 − ∂θ2∂¯θ1) + λcosh
2x
k(cosh2x− λ)∂θ
2∂¯θ2 − 1
4
φ′(x)R(2)
]
,
(4.6.10)
and, after Wick-rotating θ1 → it, it corresponds to a charged black hole of the type found in
[179] with mass
M = (1− λ)M0 =
√
2
k
eφ0 , M0 =
√
2
k
eφ
′
0 , (4.6.11)
and charge
Q =
√
λ(1− λ)2M0
k
=
√
λ
1− λ
2M
k
, (4.6.12)
where φ′0 = φ0− log(1−λ) is the constant part of the dual dilaton (4.6.8). The action (4.6.10) is
related to the σ-model action for the coset (SL(2,R)k×U(1))/U(1) [179] by rescaling θ2 → kθ2.32
This shows that the charged black hole is equivalent to the compact black string as a conformal
field theory. We now consider some particular limits of this solution.
The limit α → 0 in (4.6.1) corresponds to the direct product of the 2D black hole and a
circle with radius r → 0, and the limit α → ∞ is related to the previous one by the R → 1/R
circle duality. These limits correspond to the limits λ→ 0, 1 in (4.6.9). In Scharged (4.6.10), the
background at λ→ 0 is the direct product of the 2D black hole background and the same r → 0
circle; however, the λ→ 1 limit gives the action (modulo an integer total derivative term)
Sλ→1 =
1
2π
∫
d2z
[
k∂x∂¯x+
1
k
coth2 x∂θ2∂¯θ2 + (1− λ)∂θ1∂¯θ1 − 1
4
φ′(x)R(2)
]
, (4.6.13)
φ′(x) = φ0 − log(1− λ) + log(sinh2x) .
32Our k matches [285], which is 2k of [179].
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The background in this action is the direct product of the dual 2D black hole background and
a r = 0 limit of a circle. In both cases, the degenerate limits are equivalent as CFTs to a
noncompact black string.
4.6.2 The Heterotic String Example
Following [147], we focus on the example of [224], which is a D = 2 heterotic string, with internal
degrees of freedom taking values in a standard 12-dimensional lattice (the vector weights of
SO(24))33. We find that a family of charged black holes (and naked singularities) is dual to a
neutral one, which is the exact CFT given by the heterotic D = 2 black hole [224].
We start with a heterotic D = 2 action:
SHeterotic =
1
2π
∫
d2z
[
k(∂x∂¯x+ tanh2x∂θ∂¯θ) + ∂Y A∂¯Y A − 1
4
φ(x)R(2)
+(fermionic terms)
]
,
(4.6.14)
where A = 1, . . . , 12, k = 5/2 (for criticality), and φ = φ0 + log(cosh
2x). This action describes
a neutral heterotic D = 2 black hole. The conformal field theory (4.6.14) corresponds to a
background (4.4.3)
Ξ =

 k 0 00 k tanh2x
0 0 I

 , (4.6.15)
where the internal background I is the 12×12 identity matrix corresponding to the vector weights
of SO(24). Only a 2× 2 block E of the matrix Ξ is affected by the discrete transformations we
discuss in this example:
E =
(
k tanh2x 0
0 1
)
. (4.6.16)
By transforming E and φ with a group element gn ∈ O(1, 2,Z) ⊂ O(1, 13,Z) (where n is an
arbitrary integer):
gn =
(
0 I
I 0
)(
I nΘ
0 I
)(
Atn 0
0 A−1n
)
=


(
0 0
0 0
) (
1 0
−n 1
)
(
1 n
0 1
) (−n2 n
−n 0
)

 , (4.6.17)
where
I =
(
1 0
0 1
)
, Θ =
(
0 1
−1 0
)
, An =
(
1 0
n 1
)
, (4.6.18)
one finds
gn(E) = E
′
n =
(
(n2 + k tanh2x)−1 −2n(n2 + k tanh2x)−1
0 1
)
, (4.6.19)
33 More precisely, only space-time bosons have internal quantum numbers in the vector representations of
SO(24); space-time fermions have internal quantum numbers in the spinor representations of SO(24).
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φ′(x) = φ0 + log(n
2 + k) + log(cosh2x− k
n2 + k
) . (4.6.20)
After rescaling
θ → k + n
2
√
k
t , (4.6.21)
and defining the coordinate r to be a linear function of the dilaton φ′ (4.6.20), given by
r =
1
Q
log(cosh2x− k
n2 + k
) , (4.6.22)
where Q is a constant determined below, the background (4.6.19) gives rise to the action34
Scharged =
1
2π
∫
d2z
[
f(r)∂t∂¯t+ f(r)−1∂r∂¯r − A(r)∂t∂¯Y 1 + ∂Y A∂¯Y A
−1
4
φ′(r)R(2) + (fermionic terms)
]
.
(4.6.23)
Here
f(r) = 1− 2me−Qr − q2e−2Qr, (4.6.24)
A(r) = nQ+ 2qe−Qr , φ′(r) = Qr + φ0 + log(n
2 + k) ,
where Q = 2/
√
k′ is determined by the normalization of Grr in (4.6.23), and
2m =
n2 − k′
n2 + k′
, q =
n
√
k′
n2 + k′
. (4.6.25)
Following [285] we have replaced k with k′ = k − 2 = 1/2 in (4.6.25). By Wick-rotating t→ it,
along with q → −iq (necessary to maintain hermiticity of the action), the theory (4.6.23) with
|n| > 1 describes a D = 2 charged black hole with mass and charge [224]
M = Q(n2 − k′)eφ0 , Q = n
√
8eφ0 . (4.6.26)
For n = −1, 0, 1, the theory (4.6.23) describes a naked singularity.
We emphasize that these backgrounds, for all n, are different space-time interpretations of
the same CFT: the CFT given by the neutral heterotic D = 2 black hole.
34Recall that Gtt = Ξ′tt − 14A2, see eq. (4.4.3).
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4.7 Applications III: Cosmological Backgrounds with Abelian Sym-
metries
In this section we discuss a class of cosmological solutions in string theory (in the presence of
Maxwell fields) that are obtained by O(d, d,R) transformations of simple backgrounds with d
Abelian symmetries, following [142]. Similar cosmological solutions are discussed extensively in
the literature (for examples, see [231, 202, 235, 123, 192, 2, 193]). In some of the examples we
will find a (closed) expanding universe. In all the cases for which the universe has a smooth
and complete initial value hypersurface, a naked singularity can form only at the time when
the universe collapses. The discrete symmetry group O(d, d,Z) identifies different cosmological
solutions with a background corresponding to a (relatively) simple conformal field theory (CFT),
and therefore, may be useful in understanding the properties of naked singularities in string
theory. The consequences of duality in cosmological string backgrounds were also discussed, for
instance, in [32, 160, 271, 273]
To find realistic cosmological solutions in string theory, we shall represent a classical solution
by M ×K, where M is a 2d CFT with a four dimensional target space-time, and with a central
charge c = 4, and K is some internal space represented also by a CFT. Moreover, although the
formation of singularities is one of the interesting questions in such solutions, we do not want
the singularities to be “built in” the initial conditions. Namely, we want M to have a smooth
and complete initial value hypersurface.
We shall first construct new solutions by O(d, d,R) rotations with respect to Abelian sym-
metries of the space-time background M . Let us consider the 4-D line element
ds2 = −dt2 + ds2 + g(t)2dθ21 + f(s)2dθ22. (4.7.1)
We want this background to correspond to a CFT35. There are four nontrivial possibilities for
g(t) and four possibilities for f(s). To leading order in α′ the possibilities are36:
g(t) = tan(t), cot(t), tanh(t) or coth(t),
and
f(s) = tan(s), cot(s), tanh(s) or coth(s).
The dilaton is then given by
φ(s, t) = φ0 + log(f¯(s)
2g¯(t)2), (4.7.2)
where φ0 is a constant and
g¯(t) = cos(t), sin(t), cosh(t) or sinh(t),
35 More precisely, we should start with ds2 = k(−dt2 + g(t)2dθ21) + k′(ds2 + f(s)2dθ22), and choose k and k′
such that c = 4. To leading order in α′ this condition is k = k′, and for simplicity we take k = k′ = 1.
36 All these possibilities correspond to the exact CFT given by a direct product of two cosets G
H
, where G is
either SU(2,R) or SL(2,R) and H is either U(1) or R (see section 4.5).
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f¯(s) = cos(s), sin(s), cosh(s) or sinh(s),
respectively.
The background in (4.7.1),(4.7.2) is a D = 4 curved background that is independent of d = 2
coordinates. It has one time-like coordinate t, and three space-like coordinates s, θ1, θ2. The
background is time dependent, and therefore, we say that it describes a cosmological solution
to Einstein’s equations. The 2× 2 matrix Eij(s, t) (4.2.8) in the worldsheet action (4.2.7) (with
i, j = 1, 2 and a, b = s, t) is
E(s, t) =
(
g(t)2 0
0 f(s)2
)
. (4.7.3)
We can now generate new cosmological solutions by acting on (E, φ) in (4.7.3) and (4.7.2)
with O(2, 2,R) transformations as described in section 4.2. Let us discuss a particular one
parameter sub-family of O(2, 2,R) rotations. By transforming E and φ with the group element
gb ∈ O(2, 2,R) (where b is an arbitrary real number):
gb =
(
0 I
I 0
)(
I bΘ
0 I
)
, (4.7.4)
where
I =
(
1 0
0 1
)
, Θ =
(
0 1
−1 0
)
, (4.7.5)
one finds that the new background matrix, E ′b, is
gb(E) = E
′
b = (E + bΘ)
−1 =
1
f(s)2g(t)2 + b2
(
f(s)2 −b
b g(t)2
)
. (4.7.6)
Namely, the new background matrix is given by adding a constant antisymmetric background(
0 b
−b 0
)
to E, and then using duality to invert the background matrix. From eq. (4.2.23) and
the discussion in subsection 4.2.4 one finds that the new dilaton is
φ′(s, t) = φ0 + log
[
f¯(s)2g¯(t)2
(
f(s)2g(t)2 + b2
)]
. (4.7.7)
For the particular choice
f(s) = tan(s) , g(t) = cot(t) ,
f¯(s) = cos(s) , g¯(t) = sin(t) , (4.7.8)
the conformal background corresponds to a closed expanding universe [235]37.
Let us consider now the case in which the internal space K also has Abelian symmetries.
Then by O(d, d,R) rotations one can turn on gauge fields, namely, non-trivial elements of the
37 To get the solution in [235] (corresponding to the σ-model of the c = 4 coset SL(2,R)×SU(2,R)
R×R
) one should
rescale θ1 → bθ1, reintroduce k and k′, and take k = k′ very large such that the maximal size of the universe is
of order k, and the central charge of M is c = 4 (to leading order in 1/k).
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background matrix interpolating between the space-time (M) indices and the internal space
(K) indices.
The action (4.2.7) can be generalized adding internal degrees of freedom, i.e. extra compact-
ified coordinates Y A, A = 1, ..., dint. (The coordinates Y
A can be regarded as either the internal
coordinates of a bosonic string or the extra coordinates of a heterotic string, as in section 4.4
[147]). We start from the action (4.4.1), and we choose the initial structure of the background
as before, i.e., the block Eij is again given by eq. (4.7.3), F
1 = F 2 = 0, and F =
(−1 0
0 1
)
,
and we start with a vanishing background gauge field: A = 0 in (4.4.1).
It is now possible to make a more general rotation using the group O(2, 2+dint,R) ⊂ O(2+
dint, 2+dint,R) acting by the fractional linear transformations (4.2.31) on the (2+dint)×(2+dint)
matrix (see eq. (4.4.3))
Ξ =
(
Eij 0
0 EAB
)
, (4.7.9)
such that
Ξ′ =
(
E ′ij +
1
4
AiA(G−1)ABAjB AiA
0 EAB
)
. (4.7.10)
Here GAB is defined as in eq. (4.4.2). The structure of Ξ
′ is such that E ′ij = G
′
ij + B
′
ij gives
the correct metric after a dimensional reduction from 4 + dint dimensions to four space-time
dimensions. The structure of the second line in the matrix Ξ′ allows the internal coordinates to
be the extra coordinates of a heterotic string as explained in sections 2.5 and 4.4.
The new background in (4.7.10) corresponds to the heterotic worldsheet action given in
(4.4.1) with non-vanishing background gauge field A, or to a bosonic action given by (4.4.1)
(neglecting worldsheet fermions in the bosonic case). Both the old background and the new
metric, antisymmetric tensor, dilaton and gauge fields are solutions of the equations of motion
derived from the effective action
Seff =
∫
d4X
√−Geφ
[
R(4) + (∇φ)2 − 1
12
H2 − 1
16
TrF 2
]
. (4.7.11)
(The old background has Hµνρ = Fµν = 0.)
For simplicity, we now consider the case in which dint = 1, i.e. we start from a five di-
mensional background where the fifth coordinate is compact and by O(2, 3,R) ⊂ O(3, 3,R)
rotations we introduce a Maxwell field Ai. (The discussion can be easily generalized to the
internal dimension dint that is needed for criticality.)
We fix EAB = 1 and we rotate Ξ by the ga,b,c ∈ O(2, 3,R) ⊂ O(3, 3,R) matrix
ga,b,c =
(
0 I
I 0
)(
I Θ
0 I
)(
A 0
0 (At)−1
)
, (4.7.12)
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where
Θ =

 0 b c−b 0 a
−c −a 0

 , A =

 1 0 c0 1 a
0 0 1

 , (4.7.13)
I is the 3× 3 identity matrix and a, b, c are arbitrary real numbers.
After the rotation, the non-zero components of the metric G′IJ , antisymmetric tensor B
′
IJ ,
gauge field AI and dilaton φ′, are:
G′tt = −1 G′ss = 1
G′θ1θ1 =
1
∆2
[
g(t)2
(
a2 + f(s)2
)2
+ f(s)2 (ac+ b)2
]
G′θ1θ2 =
1
∆2
[
b
(
a2g(t)2 − c2f(s)2
)
− ac
(
a2g(t)2 + c2f(s)2 + 2f(s)2g(t)2
)]
G′θ2θ2 =
1
∆2
[
f(s)2
(
c2 + g(t)2
)2
+ g(t)2 (ac− b)2
]
Aθ1 =
1
2∆
[
ab− cf(s)2
]
Aθ2 =
1
2∆
[
−bc− ag(t)2
]
B′θ1θ2 = −
b
∆
φ′ = φ0 + log
[
f¯(s)2g¯(t)2∆
]
det [−G′] = g(t)
2f(s)2
∆2
, (4.7.14)
where
∆ = b2 + a2g(t)2 + c2f(s)2 + g(t)2f(s)2 . (4.7.15)
Obviously, for a = c = 0, one gets back the space-time solutions in (4.7.6) and (4.7.7).
It is also possible to make a Weyl rescaling in order to bring the effective action (4.7.11) to
the Einstein form
SEeff =
∫
d4X
√
−GE
[
RE (4) − 1
2
(∇φ)2 − 1
12
e2φH2 − 1
16
eφTrF 2
]
, (4.7.16)
where the Einstein metric GEµν = e
φGµν is used to contract the indices.
Notice that when f and g are given by eq. (4.7.8) one has
φ′ = φ0 + log
[
b2 sin2(t) cos2(s) + a2 cos2(t) cos2(s) (4.7.17)
+ c2 sin2(t) sin2(s) + cos2(t) sin2(s)
]
.
When the parameters a, b and c are non-zero, the dilaton is finite for any value of the space-
time coordinates s, t (and therefore, the Weyl rescaling to the Einstein form does not change the
properties of the universe described above). When some of the parameters a, b, c are zero, the
dilaton diverges in particular points in space-time. Explicitly, if a = 0 the dilaton diverges at
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t = 0, s = 0; if c = 0 it diverges at t = π/2, s = π/2; and if b = 0 it diverges at t = π/2, s = 0
(t, s ∈ [0, π/2]). The divergences of the dilaton appear when a curvature singularity is formed.
Let us discuss briefly the target space properties of some of the models presented above.
From eq. (4.7.14), we see that the volume of the universe, described by that class of solutions,
approaches zero when t → 0 (this is because g(t = 0) = 0 or ∞ for all four possible choices
of g). Therefore, the universe starts from a “big bang.” Later, the universe can either be an
expanding and contracting closed universe, in some cases collapsing at the end, or an open
universe. The different types of universes depend on the different choices of the functions f, g
and the parameters a, b, c. (We do not consider the models with singularities that are built in
the initial conditions and remain for any time t, as it happens for instance when a = b = 0,
c 6= 0, and for functions f and g given by eq. (4.7.8), or in the example of [202].)
Consider again the case when the functions f and g are given by eq. (4.7.8) (with the
parameters b and c not both zero). For this example, the backgrounds in (4.7.14) describe
an anisotropic expanding and contracting universe, in the presence of an antisymmetric tensor
background, a Maxwell field, and a dilaton. The topology of a spatial slice is S3, the three
sphere, and the universe recollapses at the time t = π
2
.
Next we discuss the formation of singularities in the universe described above. There are
different cases depending on the parameters a, b, and c. For a = 0 the universe is singular
at the “big bang,” namely, when t = 0 a singularity exists at s = 0. For b = 0 (c = 0), a
naked singularity is about to form at s = 0 (s = π/2) at the time t = π/2, when the universe
recollapses. For non-vanishing parameters a, b and c there are no singularities. Therefore, a
naked singularity may form only at the times when the universe collapses.
Because there is no singularity for non-vanishing parameters a, b and c, there are indications
that one can remove target space singularities in string theory by continuous O(d, d,R) rotations
[142, 123].
Finally, we remark briefly on some consequences of the duality group symmetries. In the
examples we have discussed, the matrix gb in eq. (4.7.4) (ga,b,c in eq. (4.7.12)) is an element of
the duality group O(2, 2,Z) (O(3, 3,Z)) if b ∈ Z (a, b, c ∈ Z). In particular, all the solutions
(4.7.6) with b ∈ Z are equivalent as CFTs to the b = 0 case, for which the background is a
direct product of (a suitable analytic continuation) of two D = 2 black hole solutions discussed
in section 4.5. Moreover, all the solutions (4.7.14) with a, b, c ∈ Z are also equivalent CFTs.
Therefore, these closed expanding universes, in the presence of electromagnetic currents, are
also equivalent as CFTs to the direct product of (a suitable analytic continuation) of two D = 2
black hole solutions, and an extra coordinate compactified on a circle.
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4.8 Axial-Vector Duality as a Gauge Symmetry
The interpretation of discrete symmetries in target space as gauge symmetries was already
discussed in the flat case in section 2.6. Can we also interpret the target space dualities in
curved backgrounds as spontaneously broken gauge symmetries (of an underlying gauge algebra)
in string theory? In this section we answer in the affirmative, concerning particular elements of
the O(d, d,Z) duality group, following [139]. Namely, we show that any element of O(d, d,Z),
relating an axially gauged Abelian quotient of a WZNW model to its vector gauging [196], is
an element of a spontaneously broken gauge group, in the sense discussed in section 2.6. In
particular, this proves that the duality, relating the σ-model background of an axially gauged
Abelian coset to a vectorially gauged coset, is an exact symmetry in string theory. This is
true for compact groups, as well as for non-compact groups, and therefore, it has important
implications for the black-hole duality presented in section 4.5, and for the study of singularities
in string theory discussed in section 4.7. The extension to the full O(d, d,Z) might be done
along the lines of section 2.6 [141].
This section is organized as follows: In subsection 4.8.1 we start with the simplest non-trivial
case, the SU(2) (or SL(2,R)) model and its one-parameter sub-class of marginal deformations.
In subsection 4.8.2 we extend the discussion to a general group. In both cases, we discuss
the action of duality on the line of marginal deformations, and its relation to a broken gauge
transformation. It will turn out that the two boundaries of the deformation line (which are
related by this duality) correspond to the axial coset and the vector coset (times a non-compact
scalar field).
4.8.1 JJ¯ Deformation of SU(2) or SL(2,R)WZNWModels and Duality as a Gauge
Symmetry
In this subsection we consider duality as a spontaneously broken gauge symmetry for the simplest
nontrivial case, namely, duality acting on the deformation line of SU(2) or SL(2,R) WZNW
models38.
The worldsheet action of the SU(2)k WZNW model is given (in Euler angle parametrization
as in (4.5.7)) by
S[x, θ1, θ2] = S1 + Sa + S[x],
S1 =
k
2π
∫
d2z(∂θ1∂¯θ1 + ∂θ2∂¯θ2 + 2Σ(x)∂θ2∂¯θ1),
Sa =
k
2π
∫
d2z(∂θ2∂¯θ1 − ∂θ1∂¯θ2),
38We define the conformal field theory corresponding to SL(2,R) to be the one regularized by its Euclidean
continuation. This regularization has been shown to provide a consistent path integral prescription for the
SL(2,R) model [127].
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S[x] =
k
2π
∫
d2z ∂x∂¯x− 1
8π
∫
d2z φ0R
(2), (4.8.1)
where Σ(x) = cos 2x, and φ0 is a constant dilaton. The action of the SL(2,R)k WZNW model
in (4.5.8) is obtained from (4.8.1) by taking x→ ix and k → −k.
As discussed in subsection 4.2.1, the antisymmetric term Sa in (4.8.1) is (locally) a total
derivative, and therefore, may give only topological contributions, depending on the periodicity
of the coordinates θ. To specify the periodicity, we follow subsection 4.2.1 and define
θ = θ2 − θ1 , θ˜ = θ1 + θ2 , (4.8.2)
such that
θ ≡ θ + 2π , θ˜ ≡ θ˜ + 2π . (4.8.3)
In these coordinates the action becomes
S[x, θ, θ˜] =
1
2π
∫
d2z(∂θ, ∂θ˜, ∂x)
(
E 0
0 k
)
∂¯θ
∂¯θ˜
∂¯x

− 1
8π
∫
d2zφ0R
(2). (4.8.4)
Here we have organized the background into a 3 × 3 block diagonal matrix, where the 2 × 2
matrix block E is
E =
k
2
(
1− Σ 1 + Σ
−(1 + Σ) 1 + Σ
)
. (4.8.5)
The action S in eq. (4.8.4) is manifestly invariant under the U(1)L×U(1)R affine symmetry
generated by the chiral current J and anti-chiral current J¯ given by
J =
k
2
[−(1− Σ)∂θ + (1 + Σ)∂θ˜] ,
J¯ =
k
2
[(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜] . (4.8.6)
In addition, there are two extra chiral currents, and two extra anti-chiral currents, completing
the affine SU(2)L × SU(2)R (or SL(2,R)L × SL(2,R)R) symmetry of the WZNW model.
We can deform the action S to new conformal backgrounds by adding to it any truly marginal
deformation. We will focus on marginal deformations that are obtained as a linear combination
of chiral currents times a linear combination of anti-chiral currents. It is important to recall
that all the deformations that are equivalent under the action of the symmetry group give
rise to equivalent CFTs (although not necessarily to backgrounds that are related by coordinate
transformations). In the following we deform the WZNW action with the JJ¯ marginal operator,
as was done in refs. [167, 139].
Deforming with JJ¯ , the affine symmetry is broken to U(1)L × U(1)R. The U(1) chiral and
anti-chiral currents of the deformed theory can be found and will be presented below. Once
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choosing a JJ¯ deformation of the WZNW point (4.8.1) for specific J and J¯ , the deformed
theories are described in terms of a one parameter family of O(2, 2,R) rotations.
Let us describe these rotations. The backgrounds corresponding to the JJ¯ deformation of
the WZNW point, with J and J¯ given in (4.8.6), are constructed by an O(2, 2,R) transformation
(4.2.31) of the WZNW background (4.8.5) by the element [167, 139]
gα =
(
I cos2 α(k − tanα)ǫ
0 I
)(
A(α) 0
0 (A(α)t)−1
)(
C(α) S(α)
S(α) C(α)
)(
I −kǫ
0 I
)
, (4.8.7)
where
I =
(
1 0
0 1
)
, ǫ =
(
0 1
−1 0
)
, A(α) =
(
cosα 0
0 cosα(1 + k tanα)
)
C(α) = cosα I, S(α) = sinα ǫ. (4.8.8)
Namely,
1
k
gα(E) ≡ ER(α) = 1
1 +R2 1−Σ
1+Σ
(
1−Σ
1+Σ
1
−1 R2
)
, (4.8.9)
where
R(α)2 = (1 + k tanα)2. (4.8.10)
The parameter R can be interpreted, geometrically, as the radius of the Cartan torus.
The dilaton field φ also transforms under O(2, 2,R) rotations, as discussed in sections 4.2,
4.3. At the WZNW point the dilaton is the constant φ = φ0 appearing in (4.8.1). At the point
R the dilaton is (4.2.23)
φ(R) = φ0 +
1
2
log
(
detG(1)
detG(R)
)
, (4.8.11)
where G(R) is the symmetric part of ER.
Although we have generated the R-dependent backgrounds by O(2, 2,R) rotations, which
are correct only to leading order in α′, it can be shown [139] that there is a scheme in which
these backgrounds are exact to all orders in α′, for any R.
Two special backgrounds occur at the boundaries of the R-modulus space. At R = 0
(α = tan−1(− 1
k
)) the background matrix is
ER=0 =
(
1−Σ
1+Σ
1
−1 0
)
=
(
1−Σ
1+Σ
0
0 0
)
mod Θ− shift. (4.8.12)
This background corresponds to the direct product of the axially gauged coset SU(2)/U(1)a
(or SL(2,R)/U(1)a) and a free scalar field in the singular compactification-radius limit r → 0
(which is equivalent to a non-compact free scalar field via the r → 1/r circle duality). The
constant antisymmetric tensor in (4.8.12) can be safely dropped since the free scalar is non-
compact.
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At R =∞ (α = π/2) the background matrix is
ER=∞ =
(
0 0
0 1+Σ
1−Σ
)
. (4.8.13)
This background corresponds to the direct product of the vectorially gauged coset SU(2)/U(1)v
or SL(2,R)/U(1)v and a free scalar field at a compactification radius r → 0 39.
The R = 1 (α = 0) point corresponds to the original WZNW model. Around this point, and
for an infinitesimal deformation parameter δα, the perturbed action is given by
SR=1+δR = SR=1 +
δR2
4πk
∫
d2zJJ¯ , (4.8.14)
where J and J¯ are given in (4.8.6). This deformation can be extended along the full R-line.
The U(1)L affine symmetry is generated by θ → θ − ǫ, θ˜ → θ˜ + ǫ/R2 with the (R-dependent)
chiral current
J(R) = k
−(1− Σ)∂θ + (1 + Σ)∂θ˜
1 + Σ +R2(1− Σ) , (4.8.15)
and the U(1)R affine symmetry is generated by θ → θ + ǫ, θ˜ → θ˜ + ǫ/R2 with the anti-chiral
current
J¯(R) = k
(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜
1 + Σ +R2(1− Σ) . (4.8.16)
Therefore, the worldsheet action at the point R + δR is given by
SR+δR = SR +
δR2
4πk
∫
d2zJ(R)J¯(R) , (4.8.17)
and writing the integration measure for the perturbed σ-model as
√
G(1) =
√
G(R)eφ(R) provides
the variation of the dilaton (4.8.11).
We now arrive to the important point of this section. The Weyl transformation J → −J
is given by a group rotation at the WZNW point, and therefore, it is a symmetry of the
WZNW model. Consequently, the conformal perturbation of the WZNW model by δαJJ¯ is
equivalent, infinitesimally, to the conformal perturbation by −δαJJ¯ . Therefore, the points
δα and −δα along the α-modulus correspond to the same CFT. In string theory we say that
they are related by a spontaneously broken Z2 gauge transformation in the gauge group of the
enhanced symmetry point.
The spontaneously broken discrete symmetry is a target space duality. This symmetry can be
extended to finite α, giving rise to a Z2 element in the full O(2, 2,Z) duality group, represented
39The fact that at both boundaries R = 0,∞ the decoupled scalar is at zero radius is because in one limit the
scalar is θ and in the other limit it is the dual field θ˜.
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by the matrix gD
gD =
(
0 I
I 0
)(
I −ǫ
0 I
)(
e2 e1
e1 e2
)(
I ǫ
0 I
)(
0 I
I 0
)
=


(
0 1
0 1
) (
1 0
0 0
)
(
1 −1
−1 1
) (
0 0
1 1
)

 , (4.8.18)
where
e1 =
(
1 0
0 0
)
, e2 =
(
0 0
0 1
)
. (4.8.19)
Here I is the 2-dimensional identity matrix, and ǫ is given in (4.8.8). Up to a similarity trans-
formation, gD is a factorized duality (2.4.29). The element gD acts on ER by (4.2.31) and
gives
gD(ER) = E1/R. (4.8.20)
Therefore, duality takes the modulus R to its inverse 1/R.
A particular consequence is that the R = 0 and R =∞ boundary points correspond to the
same CFT (to all orders in string perturbation theory). Therefore, the axial-vector duality of
SU(2)/U(1) and SL(2,R)/U(1) is exact, and corresponds in string theory to a spontaneously
broken gauge symmetry of some underlying string gauge algebra40.
4.8.2 JJ¯ Deformations and Duality as a Gauge Symmetry for General Groups
Here we describe JJ¯ deformations of general WZNWmodels. These conformal perturbations are
related to O(d, d,R) transformations [168, 197, 139]. We start with a particular parametrization
of a WZNW model on a group G. The group G can be semisimple. We explicitly indicate one of
the levels k, while the others are hidden in the action. The relevant level is the one corresponding
to the simple component of the group whose Cartan we are deforming. We parametrize g ∈ G
as follows: we chose an element in the Cartan sub-algebra, say T 1, and write it as
g = eiθ1T
1
h(x)eiθ2T
1
, (4.8.21)
where h ∈ G is independent of θ1, θ2. Now, by using the Polyakov-Wiegman formula [243] for
the WZNW action one finds (see for example [196, 197])
S[xa, θ1, θ2] = S1 + Sa + S[x], (4.8.22)
40The σ-models along the R < 1 half line can be obtained as the backgrounds of the axially gauged
SU(2) × U(1)/U(1)diag cosets, while the R > 1 backgrounds can be obtained by the vectorially gauged
SU(2) × U(1)/U(1)diag cosets [139]. The R → 1/R duality relates these axial cosets to their vector partners,
and therefore, it is an axial-vector duality along the full R-modulus, and in particular at its boundaries.
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S1 =
k
2π
∫
d2z
(
∂θ1∂¯θ1 + ∂θ2∂¯θ2 + 2Σ(x)∂θ2∂¯θ1 + Γ
1
a(x)∂x
a∂¯θ1 + Γ
2
a(x)∂θ2∂¯x
a
)
, (4.8.23)
Sa =
k
2π
∫
d2z(∂θ2∂¯θ1 − ∂θ1∂¯θ2), (4.8.24)
S[x] =
k
2π
∫
d2z Γab(x)∂x
a∂¯xb − 1
8π
∫
d2z φ0R
(2), (4.8.25)
where a = 1, ..., D−2,D = dimG, and φ0 is a constant dilaton. The backgrounds Σ(x),Γ1(x),Γ2(x)
and Γ(x) are independent of the coordinates θ1, θ2, and therefore, (4.8.22)-(4.8.25) is of the form
(4.2.1) with i, j = 1 (up to an overall k factor). With the coordinates θ and θ˜ defined in (4.8.2,
4.8.3), the action becomes
S[xa, θ, θ˜] =
1
2π
∫
d2z(∂θ, ∂θ˜, ∂xa)
(
E F 2b
F 1a Fab
)
∂¯θ
∂¯θ˜
∂¯xb

− 1
8π
∫
d2z φ0R
(2), (4.8.26)
Here we have organized the background fields into a D×D background matrix with four blocks
E,F 1, F 2 and F . The 2 × 2 background block E, the (D − 2) × 2 block F 2b , the 2 × (D − 2)
block F 1a , and the (D − 2)× (D − 2) block Fab are given by
(
E F 2b
F 1a Fab
)
=
k
2


(
1− Σ 1 + Σ
−(1 + Σ) 1 + Σ
) (
Γ2b
Γ2b
)
(−Γ1a Γ1a) 2Γab

 . (4.8.27)
The action (4.8.26) is manifestly invariant under the U(1)L ×U(1)R affine symmetry gener-
ated by the chiral current J and the anti-chiral current J¯ given by
J =
k
2
[
−(1− Σ)∂θ + (1 + Σ)∂θ˜ + Γ1a∂xa
]
,
J¯ =
k
2
[
(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜ + Γ2a∂¯xa
]
. (4.8.28)
In addition, there are extra D−1 chiral currents and D−1 anti-chiral currents, completing the
affine GL ×GR symmetry of the WZNW model41.
We now deform the action (4.8.26) with the conformal perturbation JJ¯ , where J and J¯ are
given in (4.8.28). The JJ¯ deformation is equivalent to the action of g ∈ O(2, 2,R) transfor-
mations on the background matrices E,F 1, F 2, F . The action of g in (4.2.26) on E is given
41 Actually, one can bring the background in (4.8.22)-(4.8.25) into the form of eq. (4.2.1) [147] with i, j =
1, ..., r = rankG (up to an overall k factor). This can be done by explicitly parametrizing the Cartan torus
dependence of the WZNW model as
g = ei
∑
r
i=1
θi
1
T ih(xa)ei
∑
r
i=1
θi
2
T i ,
where {T i|i = 1, ..., r} is a basis in the Cartan sub-algebra, Tr(T iT j) = ηij , and h ∈ G is independent of θi1, θi2.
In this form the r chiral currents and r anti-chiral currents corresponding to the left-handed and right-handed
Cartan tori are manifest.
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by (4.2.31). Here we need also the action of g on the background blocks F 1, F 2, F given in eq.
(4.2.30) [147]:
g(F 1) = F 1(cE + d)−1, g(F 2) = (a− E ′c)F 2,
g(F ) = F − F 1(cE + d)−1cF 2, (4.8.29)
where a, c, d are defined in (4.2.26), and E ′ is given in (4.2.31).
The modulus line of JJ¯ conformal perturbations is generated by acting on the background
(4.8.27) with the one-parameter family of O(2, 2,R), gα, given in (4.8.7). Using eqs. (4.2.31,
4.8.29) one finds
1
k
gα(E) ≡ ER(α), (4.8.30)
1
k
gα(F
1) ≡ F 1R(α) =
(1 + Σ)−1Γ1
1 +R2 1−Σ
1+Σ
(
−1, R2
)
, (4.8.31)
1
k
gα(F
2) ≡ F 2R(α) =
(1 + Σ)−1Γ2
1 +R2 1−Σ
1+Σ
(
1
R2
)
, (4.8.32)
1
k
gα(F ) ≡ FR(α) = Γ + (R
2 − 1)(1 + Σ)−1Γ1Γ2
2(1 +R2 1−Σ
1+Σ
)
, (4.8.33)
where ER and R(α) are given in (4.8.9, 4.8.10).
The constant dilaton φ0 in the WZNW background (4.8.25) transforms under gα by eq.
(4.8.11). For more details see sections 4.2, 4.3.
From eqs. (4.8.9, 4.8.31, 4.8.32, 4.8.33) we see that, up to an overall k factor, the backgrounds
are parametrized by a positive real number R2 = (1 + k tanα)2. As for the SU(2) case, the
parameter R can be interpreted, geometrically, as the radius of the corresponding circle in the
deformed Cartan torus.
As for the SU(2) or SL(2,R) cases, the whole Cartan subalgebra survives along the defor-
mation. One can find that the explicit form of the (R-dependent) chiral and anti-chiral currents
we perturb with is
J(R) = k
−(1− Σ)∂θ + (1 + Σ)∂θ˜ + Γ1a∂xa
1 + Σ +R2(1− Σ) , (4.8.34)
J¯(R) = k
(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜ + Γ2a∂¯xa
1 + Σ +R2(1− Σ) , (4.8.35)
and it can be verified that eq. (4.8.17) is still valid42.
42 The deformation described here is true for any background with a chiral current and an anti-chiral current;
it is only for the purpose of discussing gauge symmetries that we assume that a special point on the modulus
line (in our notation R = 1) is a WZNW model.
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We are now ready to discuss target space duality in the R-line of conformal deformations.
Remarkably, the action of the O(2, 2,Z) element gD (given in eq. (4.8.18)) on the backgrounds
E,F 1, F 2, F in eq. (4.8.27), gives a simple transformation of the modulus parameter R. By
straightforward calculations, using the transformations given in (4.2.31, 4.8.29), one finds that
gD
((
ER F
2
R
F 1R FR
))
=
(
E1/R F
2
1/R
F 11/R F1/R
)
. (4.8.36)
Therefore, duality relates the σ-model background at the modulus point R with the background
at the modulus parameter 1/R.
It is now easy to generalize the consequences described for the SU(2) and SL(2,R) cases in
subsection 4.8.1. At the fixed point R = 1 the CFT has an enhanced affine symmetry GL×GR:
it is the original WZNW model. Infinitesimally around the enhanced symmetry point, duality
corresponds to the transformation α → −α. This transformation can be achieved by a Weyl
rotation in GL (or GR) that reflects J → −J (or J¯ → −J¯). Duality is related to a Weyl
reflection and is, therefore, a spontaneously broken gauge symmetry in the gauge algebra of the
associated string theory.
The duality transformation interchanges R with 1/R and, in particular, identifies the two
boundaries at R = 0 and R = ∞. Let us show that these boundaries correspond, respectively,
to the direct product of the cosets G/U(1)a and G/U(1)v with a free, non-compact scalar field.
At R = 0 (α = tan−1(− 1
k
)) the background matrix is
ER=0 =
(
1−Σ
1+Σ
1
−1 0
)
=
(
1−Σ
1+Σ
0
0 0
)
mod Θ− shift,
F 1R=0 = (1 + Σ)
−1Γ1(−1, 0), F 2R=0 = (1 + Σ)−1Γ2
(
1
0
)
,
FR=0 = Γ− 1
2
(1 + Σ)−1Γ1Γ2. (4.8.37)
This background corresponds, as shown in section 4.2 [246, 147], to the direct product of the
axially gauged coset G/U(1)a and a free scalar field in the compactification-radius limit r → 0.
At R =∞ (α = π/2) the background matrix is
ER=∞ =
(
0 0
0 1+Σ
1−Σ
)
, FR=∞ = Γ +
1
2
(1− Σ)−1Γ1Γ2,
F 1R=∞ = (1− Σ)−1Γ1(0, 1), F 2R=∞ = (1− Σ)−1Γ2
(
0
1
)
. (4.8.38)
This background corresponds to the direct product of the vectorially gauged coset G/U(1)v and
a free scalar field at r → 0 (see section 4.2).
Therefore, we have obtained that axial-vector duality is exact in general, since the end-points
are equivalent theories, analogously to the SU(2) and SL(2,R) cases.
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4.9 Topology Change and Duality in String Theory
In this section we discuss topology change in string theory and its relation with target space
duality. This issue will be addressed in particularly simple examples. Here we present models
in which connected paths in moduli space exist along which the topology of the background
metric changes. It would be interesting to construct a CFT corresponding to a time dependent
background, where topology change occurs as a dynamical process.
The simplest example of topology change in string theory is observed in the moduli space of
c = 1 backgrounds in figure 3.A. At the point where the circle compactification line meets the
orbicircle line – the orbicircle self-dual point Ro = 1 – the topology may change from a circle to
a segment. Moreover, at the SU(2) enhanced symmetry point – the circle self-dual point Rc = 1
– the σ-model description of the CFT can be given either in terms of a circle or, alternatively,
in terms of the three-dimensional sphere background of the SU(2)1 WZNW model. In these
examples one may connect semiclassical (i.e. large) backgrounds of different topology. However,
the actual topology change occurs due to “stringy schizophrenia” of backgrounds at the Planck
scale: in some instances the string cannot perceive in which world it lives.
Let us now discuss examples where topology change occurs through a different mechanism.
Namely, a single background is associated to each point of the connected path in the moduli
space: no doubling of the kind described above is invoked, rather, the topology changes when
classical curvature singularities arise. We will describe the geometry along the R-line of section
4.8 and a topology change in the extended moduli space of SU(2) or SL(2,R) [139]. Moreover,
we will show that there is a topology change in the moduli space of the cosmological string
solutions discussed in section 4.8.
We present at first the description of the target space geometry along the R-line of marginal
deformations of the SU(2) WZNW model. The σ-model metric of the deformed SU(2) (4.8.9)
(in the coordinates θ, θ˜, x) is given by
G(R) = k


tan2x
1+R2tan2x
0 0
0 R
2
1+R2tan2x
0
0 0 1

 . (4.9.1)
The scalar curvature R is
R = −2
k
2− 5R2 + 2(R4 − 1)sin2x
(1 + (R2 − 1)sin2x)2 . (4.9.2)
The manifold is regular except at the end-points, where
R(R = 0) = − 4
kcos2x
, R(R =∞) = − 4
ksin2x
. (4.9.3)
At R = 1 we get the constant curvature of S3, R = 6/k. The metric G(R) has no conical
singularities along the R-line.
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Let us note that the geometrical data (metric, curvature, etc.) are invariant under the
R→ 1/R duality, together with the coordinate transformation x→ π/2− x. In particular, the
volume of the manifold as a function of R,
V (R) ∼ R logR
R2 − 1 , (4.9.4)
is duality invariant: V (R) = V (1/R). The volume vanishes only at the boundaries of moduli
space, namely, at R = 0,∞.
Along the 0 < R <∞ deformations line of the SU(2) WZNW σ-model, the topology of the
background space is of the three sphere. However, at the boundaries (R = 0,∞), the topology
is changed to that of a product of a two-disc (corresponding to the SU(2)/U(1) conformal
background) with a circle whose radius shrinks to 0.
For SL(2,R), the trigonometric functions in (4.9.2) are replaced by the corresponding hy-
perbolic functions. Here the manifold has a curvature singularity for 0 ≤ R < 1; similar remarks
apply to its Euclidean version, the 3-d hyperboloid. The background at the boundary is the
direct product of a degenerated circle and a semi-infinite “cigar” (at R→∞) with the topology
of the disk, or the infinite “trumpet” (at R → 0) with the topology of a cylinder; these corre-
spond to the dual pair of the 2-d Euclidean black-hole backgrounds (see section 4.5 and figure
1.F).
A topology change at the boundary of moduli space is not surprising. However, the R-line of
deformations is not the full story in the moduli space of G WZNW σ-models. Indeed, any con-
formal σ-model with d Abelian symmetries can be transformed to new conformal backgrounds
by O(d, d,R) rotations (see section 4.3)43. In this larger moduli space of σ-models, there are
other interesting deformation lines, along which the topology might change.
For example, in the moduli space of the SU(2) WZNW σ-model, there is a one-parameter
family of O(2, 2,R) rotations
g˜α =
(
I kǫ
0 I
)(
C(α) S(α)
S(α) C(α)
)(
I −kǫ
0 I
)
(4.9.5)
(ǫ, C(α), S(α) are given in (4.8.8)), that generate the backgrounds
g˜α(E) =
k
∆
(
1− Σ B
−B 1 + Σ
)
, (4.9.6)
where
Σ = cos 2x , ∆ = cos2 α(1 + Σ) + (cosα + k sinα)2(1− Σ) ,
B =
1
k
sin(2α)−
[
cos(2α) +
k
2
sin(2α)
]
(1− Σ) + ∆ . (4.9.7)
43Recall that in the bosonic string, the O(d, d,R) rotations give only the leading order in α′ of the conformal
backgrounds, but there exist higher order corrections that make them exact [147, 142, 197, 139].
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The dilaton transforms by eq. (4.8.11).
The (α-dependent) metric is given by the line element
ds2(α) =
2k
∆(α)
[sin2 xdθ2 + cos2 xdθ˜2] + kdx2,
∆(α) = 2 cos2 α cos2 x+ 2(cosα + k sinα)2 sin2 x. (4.9.8)
At the point α = 0 the background includes a metric of the SU(2)k group manifold S
3 (as well
as an antisymmetric background). Along the line 0 < α < π/2 the background includes the
metric (4.9.8) with the topology of S3 (as well as an antisymmetric background and a dilaton
field). At the point α = π/2 the background metric is
ds2(α = π/2) =
1
k
dθ2 +
1
k
cot2 xdθ˜2 + kdx2. (4.9.9)
At this point the manifold has a topology of D2 × S11/k, where D2 is a two-disc and S11/k is a
circle with radius r2 = 1/k. One may continue to deform this theory by, for example, changing
the compactification radius r of the free scalar field θ.
It is remarkable that (for integer k) the neighborhood of the point α = π/2 is mapped to the
neighborhood of the point α = 0 by an element of O(2, 2,Z) [246, 147, 205], namely, by a target
space generalized duality. Therefore, a region in the moduli space, where a topology change
occurs, is mapped to a region where there is no topology change at all. A similar phenomenon
happens for more complicated examples in the moduli space of Calabi-Yau compactifications
[13, 287].
At this point, let us make two comments:
(a) The σ-models along the α–line (4.9.8) have conical singularities. Therefore, to make sense
of the CFTs along the α–line one should understand CFTs corresponding to backgrounds with
(non-orbifold) conical singularities.
(b) After the topology is changed at α = π/2, one cannot get rid of the curvature singularity
encountered at that point simply by deforming the compactification radius of the free scalar
field θ.
To cure both problems, one should look at the moduli space of WZNW σ-models in higher
dimensions.
Indeed, an even more interesting example of topology change occurs in the moduli space of
the SU(2)×SL(2,R) WZNWmodel. Here one can follow deformation lines along which there is
no scalar curvature singularity, except at the point where the topology is changed. Explicitly, one
first deforms SU(2)×SL(2,R) to the background of the coset
[
SU(2)
U(1)
× SL(2,R)
U(1)
× U(1)
]
×U(1)′,
where the background of the coset in the brackets is given in (4.7.14) together with (4.7.8), and
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with a = b = c = 0. Now, one can rotate the background by O(3, 3,R) transformations into the
backgrounds (4.7.14) with a, b, c simultaneously non-zero. The resulting backgrounds correspond
to the product of cosmological solutions in the presence of a gauge field (4.7.14) times the circle
U(1)′. As shown in section 4.7 [142], these backgrounds have no scalar curvature singularities.
Finally, and as before, the point a = b = c = 0 is related by O(3, 3,Z) target space dualities
to points a, b, c ∈ Z (see the end of section 4.7) where no topology change occurs.
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5 Worldsheet/Target-Space Duality
A classical action describing the propagation of an extended object of dimension d in a space-
time of dimension D is described classically by a d-dimensional world-manifold field theory,
with D target space coordinates. For strings, the d = 2 worldsheet theory can actually be
quantized. In this section we present some mathematical identities. They are intriguing as they
may suggest that the target space and the worldsheet are actually part of a larger structure.
In the following it is shown [140] that there exist relations between pairs (Σ, T ), where Σ
denotes the worldsheet and T denotes the target space. It is shown that in some cases the
“classical”44 part of the partition function describing pairs (Σ, T ) is related to the classical
part of the pair (T,Σ), where the worldsheet and target space are interchanged. Most of the
discussion in this section deals with the bosonic string. The classical part of the pairs (Σ, T ) and
(T,Σ) is manifestly identical if the following conditions are satisfied. Either the target space is
“almost complex” or the period matrix τ describing the Riemann surface is “real.” The terms
“almost complex” and “real” in this context will be defined below. This symmetry relates the
dimension of the target space of a string theory to the order of interaction, namely, the genus of
the worldsheet Riemann surface. Duality relations between spaces of different dimensions were
discussed and utilized in the study of statistical mechanics systems [9].
Here we present the mathematical identities in an attempt to learn about the symmetries
of string theories. We first consider toroidal bosonic compactifications. As an immediate con-
sequence of the identities, we will prove that Sp(2d,Z) ⊂ O(2d, 2d,Z) is a symmetry of the
genus-g partition functions for almost complex toroidal backgrounds in 2d dimensions. More-
over, we will prove that O(d, d,Z) ⊂ Sp(4d,Z) is a symmetry of the genus-g partition functions
with real period matrices and any d-dimensional flat target space. A proof that O(d, d,Z) is a
symmetry to all orders and for any Riemann surface is needed in order to show that O(d, d,Z)
is a symmetry valid to all orders in string perturbation theory. This proof can be obtained by
combining the methods described in section 2 with the results of this section.
5.1 Worldsheet/Target-Space Duality for Toroidal Bosonic Compact-
ifications
Let E = G+B be a 2d× 2d background matrix (see section 2) [140] of the form
E =
(
σ2 σ1
−σ1 σ2
)
, (5.1.1)
44In this section “classical” refers to the partition function corresponding to the zero-mode Hamiltonian in
eq. (2.4.11).
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where σ1 and σ2 are real, symmetric d × d matrices, and σ2 is positive definite. The metric G
and antisymmetric background B are, therefore,
G =
(
σ2 0
0 σ2
)
, B =
(
0 σ1
−σ1 0
)
. (5.1.2)
Denote by In the n-dimensional identity matrix, and by Jn the standard 2n-dimensional anti-
symmetric matrix,
Jn =
(
0 In
−In 0
)
, J2n = −I2n, (5.1.3)
and define the complex d× d matrix σ :
σ = σ1 + iσ2. (5.1.4)
The specific form (5.1.1) of E means that the target space is “almost complex” in the sense
that E ≡ −iσ, i.e. :
G = (ℜE)⊗ I2, B = (−ℑE)⊗ J. (5.1.5)
In the loop expansion of string theory one sums over all mappings from a genus-g Riemann
surface
∑
g to the target space T
2d. In a canonical basis of cycles, ai, bi, where i = 1, . . . , g (see
section 2.3 and figure 2.A), the Riemann surface is described by the period matrix τ = τ1+ iτ2.
The g × g matrices τ1 and τ2 are real and symmetric, and τ2 is positive definite. The classical
piece of the multi-loop path integral will be denoted by Zclass(σ, τ). In what follows it is observed
[140] that
Zclass(σ, τ) = Zclass(τ, σ), (5.1.6)
namely, the classical piece of the mapping from a Riemann surface Σg(τ) to a target space
T 2d(σ) is equivalent to the mapping from a Riemann surface Σd(σ) to a target space T
2g(τ).45
The result (5.1.6) can be useful in proving the invariance of genus-g partition functions under
generalized target space duality. Notice that there is an isomorphism between Sp(2g,Z) (the
group of modular transformations of the Riemann surface) generated by [232]
T : τ → τ + b, b symmetric, integral,
S : τ → −1/τ,
A : τ → mtτm, m ∈ GL(g,Z), (5.1.7)
and the symmetry transformations on the target space moduli generated by
T ′ : σ → σ + b, b symmetric, integral,
S ′ : σ → −1/σ,
A′ : σ → mtσm, m ∈ GL(d,Z). (5.1.8)
45 This result was observed first in the d = 1, g = 1 case [81] (2.4.62). In this case it can be generalized to a
triality while reintroducing the target space complex structure.
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As discussed in section 2, invariance under T ′ reflects the fact that the B terms serve as two
dimensional theta parameters. Invariance under S ′ is the inversion duality symmetry of the
closed string with 2d compactified dimensions. The action A′ on the background σ is equivalent
to a change of the basis of the lattice defining the target space torus. There is, therefore,
an intriguing connection between target space duality and worldsheet modular invariance. The
duality symmetry E → 1/E (2.4.38) (σ → −1/σ) is a simple consequence of the symmetry
τ ↔ σ. In fact, this is a way to prove that inversion duality is an exact symmetry to all orders
in loop expansion. Moreover, it also follows that the subgroup Sp(2d,Z) ⊂ O(2d, 2d,Z) is a
symmetry to all orders in loop expansion, for almost complex toroidal backgrounds. A proof
that O(d, d,Z) is a symmetry to all orders, and for any toroidal backgrounds, is straightforward.
To prove eq. (5.1.6) we work in the notation of section 2. The closed bosonic string action
for the compactified dimensions (setting the dilaton to zero, for the time being) is
S =
1
4π
∫
d2σ(
√
hhαβGµν∂αX
µ∂βX
ν + ǫαβBµν∂αX
µ∂βX
ν), (5.1.9)
where α, β = 0, 1; µ, ν = 1, . . . , 2d; σ0, σ1 are the world-sheet parameters; h
αβ is the worldsheet
metric; h = det hαβ ; ǫ
αβ is the standard 2-dimensional antisymmetric tensor. Here, the compact
space is a 2d-dimensional torus T 2d = R2d/πΛ2d; the lattice Λ2d is spanned by the basis {eµi | i =
1, . . . , 2d}. Thus Xµ is identified with Xµ + πnieµi , where ni are integers. Let us define the
constant metric Gij and the constant antisymmetric tensor Bij by
Gµν = 2Gij(e
i∗)µ(e
j∗)ν ,
Bµν = 2Bij(e
i∗)µ(e
j∗)ν , (5.1.10)
where {ei∗ | i = 1, . . . , 2d} is the basis dual to {ei}. In the orthonormal gauge, hαβ = eφ(z,z¯)δαβ ,
the action may be written as
S =
1
2π
∫
d2zEij∂X
i∂¯Xj, (5.1.11)
where E = G + B; X i ≡ Xµ(ei∗)µ. This action depends on the period matrix τ through the
complex structure, used to define z and z¯.
The classical piece of the genus-g partition function gives a contribution [8, 6, 136, 140]
Zclass(G,B, τ) = (detG)
g
2
∑
n,m
exp{−π[nia(τ−12 )abGijnjb
+mia(τ2 + τ1τ
−1
2 τ1)abGijm
jb
−2mia(τ1τ−12 )abGijnjb + 2iniaBijmja]}, (5.1.12)
where a, b = 1, . . . , g; n and m are 2dg-dimensional vectors with integer components. (This
is a generalization of the result presented for circle compactifications in section 2.3). The
normalization is such that Zclass = Tr(exp(−τ2H + iτ1P )) in the one-loop case (g = 1) (H is
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the Hamiltonian and P is the worldsheet momentum). In the path integral formulation at one
loop, one gets (detG)1/2 by integrating the zero modes X0: it is the volume of the target space.
For G and B of the form (5.1.2) one gets
Zclass(σ, τ) = (det σ2)
g
∑
m1,m2,n1,n2
exp{−π[n1τ−11 σ2n1 + n2τ−12 σ2n2
+m1(τ2 + τ1τ
−1
2 τ2)σ2m1 +m2(τ2 + τ1τ
−1
2 τ1)σ2m2
−2m1τ1τ−12 σ2n1 − 2m2τ1τ−12 σ2n2
+2in1σ1m2 − 2in2σ1m1]}, (5.1.13)
where n1, n2, m1, m2 are dg-dimensional vectors of integer components. A Poisson resummation
on m leads to
Zclass(σ, τ) = (det τ2)
d
∑
m1,m2,k1,k2
exp{−π[k1σ−12 τ2k1 + k2σ−12 τ2k2
+m1(σ2 + σ1σ
−1
2 σ1)τ2m1 +m2(σ2 + σ1σ
−1
2 σ1)τ2m2
+2m1σ1σ
−1
2 τ2k2 − 2m2σ1σ−12 τ2k1
−2ik1τ1m1 − 2ik2τ1m2]}. (5.1.14)
After the resummation the partition function can be written in a more compact form:
Zclass(σ, τ) = (det τ2)
d
∑
m,k
exp{iπ[P aRτabP bR − P aL τ¯abP bL]}, (5.1.15)
where, as in (2.4.12),
P aR = (k
a −maEt)e∗, P aL = (ka +maE)e∗. (5.1.16)
Identifying (k1, k2, m1, m2) in the sum (5.1.14) with (n1, n2,−m2, m1) in the sum (5.1.13) we
get the proof of (5.1.6):
Zclass(σ, τ) = Zclass(τ, σ).
We recall that eq. (5.1.6) is proved for any element τ of the Siegel upper-half-space (the
space of symmetric, complex g × g matrices with positive definite imaginary part). Not all of
them correspond to period matrices of Riemann surfaces. The fact that eq. (5.1.6) is correct
for any τ suggests that there might be a physical meaning to the partition function of a flat
target space for any τ .
The target space structure in eq. (5.1.6) is restricted to a background matrix of the form σ
(eq. (5.1.2) and eq. (5.1.5)). However, one can work with a general d×d background E = G+B
and a subset of the 2g-dimensional Siegel upper-half-space of the form
τ2 =
(
T2 0
0 T2
)
, τ1 =
(
0 T1
−T1 0
)
, (5.1.17)
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where T2 is a g × g positive definite symmetric matrix and T1 is a g × g antisymmetric matrix.
This subset generates a space isomorphic to O(g, g,R)/(O(g,R)×O(g,R)). In this case, τ1+iτ2
is equal to J ⊗ (T2 + T1), where J is the complex structure (J2 = 1). The matrix (T2 + T1) is
real and in this sense τ is “real.” Defining T = T2 + T1, one finds
Zclass(E, T ) = Zclass(T,E), (5.1.18)
namely, the classical partition function of a flat background described by E, and a period
matrix τ described by T , is the same as that of a background described by T on a Riemann
surface described by E. The subgroup of the genus-2g modular group that keeps τ real is
O(g, g,Z) ⊂ Sp(4g,Z). Therefore, as an immediate consequence of (5.1.18), we get that the
target space duality group, O(d, d,Z), is a symmetry to all orders, when the period matrices
are real.
If the target space is “almost-complex” and the period matrix is “real” then there is a triality
relation
Zclass(Eg, τ4d) = Zclass(E2d, τ2g) = Zclass(E4g, τd), (5.1.19)
where τa and Eb stand for the relevant a × a period matrix and the b × b background matrix,
respectively. It is generalized to a multiality if the period matrix and the background matrix
have a higher “complex-real” structure. For example, let
E2nd = γ ⊗ I2n ,
τ2mg = it⊗ I2m , (5.1.20)
where γ ( t ) are d×d ( g×g ) positive-definite symmetric matrices. Then there is a (m+n+1)-
ality symmetry
. . . = Z(t⊗ I2m+1 , γ ⊗ I2n−1) = Z(γ ⊗ I2n , t⊗ I2m)
= Z(t⊗ I2m−1 , γ ⊗ I2n+1) = Z(γ ⊗ I2n+2 , t⊗ I2m−2) = . . . (5.1.21)
The reduction in the number of handles on the worldsheet gives birth to copies of the target
space γ, and vice versa. In case m = 1, n = 0 or m = 0, n = 1 we get the two possibilities of
duality symmetry mentioned before (eqs. (5.1.6) and (5.1.18)). If m = n = 1 then we get the
triality symmetry of eq. (5.1.19).
Additional observations on the target space - worldsheet coupling can be obtained by the
following considerations. The exponent in equation (5.1.12) can be written as
(n− τ¯m)tτ−12 G(n− τm) + 2intBm = N t(H1G+ iH2B)N, (5.1.22)
where we group the n and m into a column vector
N =
(
n
m
)
, (5.1.23)
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and the matrices H1 and H2 are defined to be
H1 =
(
τ−12 −τ−12 τ1
−τ1τ−12 τ2 + τ1τ−12 τ1
)
, H2 =
(
0 I
−I 0
)
. (5.1.24)
The complex matrix H = H1 + iH2 is the natural Hermitian form of the Jacobian torus [232].
A Riemann surface with g handles is described by a g-dimensional complex torus (called the
“Jacobian torus”)
Jg = Cg/Λ, Λ = Zg ⊗ τZg. (5.1.25)
Here Λ is the lattice with vectors πR = n−τm, where n,m are g-vectors with integer components.
The Hermitian form π¯Rτ
−1
2 πR (π¯R = n− τ¯m) is related to H as
π¯Rτ
−1
2 πR = N
tHN. (5.1.26)
The vectors πR (πL = n + τm) are “equivalent” to the “momenta” PR (PL) of eq. (5.1.16)
(τ is replaced by E and J stands for i). Changing τ to σ in eq. (5.1.24), H1 is nothing but
the metric on the phase space Z = (X ′, P ) of the compactified string theory [146] (2.4.17).
Therefore, a close relation between a genus-g Riemann surface and a 2g-dimensional toroidal
compactification is suggested.
It is interesting to notice that the metric of the target space, G, “feels” the symmetric piece
of the Jacobian torus Hermitian form, H1, while the antisymmetric background, B, “feels” only
the antisymmetric piece, H2. The constant dilaton background, φ, is coupled on the worldsheet
to the two-dimensional scalar curvature R(2). The 2-d integration of R(2) leads to g − 1, where
g is the genus. There exists a functional of φ, leading to d − 2 (or d − 26 with the ghost
sector); that is the beta function of the dilaton. The full set of constant parameters we are
dealing with is (G,B, φ, τ1, τ2). The parameter φ is “neutral” under the exchange of E with τ .
However, φ might transform to some φ′ in order to keep the overall factor correct (this is also
true for the O(d, d,Z) duality group symmetry on target space in higher genus). Indeed, it is the
transformation of the dilaton under duality in eq. (4.2.37) which provides the correct factors.
(For a detailed study of the transformation of the dilaton, we refer the reader to subsection
4.2.4).
Having pointed out similarities between the worldsheet and target space moduli, one can go
a step further and attempt to view both as part of a larger space [221]. This can be approached
by considering [221, 242] the symmetries of the classical partition function of a string moving
in a general background E on a worldsheet manifold described by τ . The classical partition
function can be written as [221]:
Zclass(E, τ) =∑
n,m∈Zdg
exp
{
−π
[
(nt, mt)
(
G⊗ (τ2 + τ1τ−12 τ1) G⊗ (τ1τ−12 ) + iB ⊗ I
G⊗ (τ−12 τ1)− iB ⊗ I G⊗ τ−12
)(
n
m
)]}
.
(5.1.27)
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After performing a Poisson resummation it assumes the form
Zclass(E, τ) =∑
n,k∈Zdg
exp
{
−π
[
(nt, kt)
(
τ2 ⊗ (G− BG−1B) −τ2 ⊗ (BG−1)− iτ1 ⊗ I
τ2 ⊗ (G−1B)− iτ1 ⊗ I τ2 ⊗G−1
)(
n
k
)]}
.
(5.1.28)
Both matrices in the exponents of (5.1.27) and (5.1.28) are symmetric, and their imaginary part
is positive definite. As such, they are elements of the Siegel upper-half space of dimension 2dg.
One can define a map
Ed ⊗Hg → H2dg, (5.1.29)
where Ed is a d-dimensional background and Hg is the one defined in eq. (5.1.24) for genus g.
The map takes E and τ into the matrix appearing in the exponent of (5.1.27). One already
knows that the groupO(d, d,Z) acts on E and the group Sp(2g,Z) acts on τ , and both groups are
symmetries of the partition function. Under the embedding (5.1.29), both groups are mapped
into some subgroups of Sp(4dg,Z), which is the modular group of H2dg. This is the symmetry
of the partition function. A generic element in Sp(4dg,Z) will mix E and τ . However, only
for the cases discussed above (such as when E represented an almost complex flat target space)
one was able to identify an element of Sp(4dg,Z) which would cause the change Zclass(E, τ) =
Zclass(τ, E). The importance of the role played by the Sp(4dg,Z) is still unclear.
We have studied mathematical identities of the classical piece of the bosonic string partition
functions. The formal interchange of the worldsheet with the target space does not apply in an
obvious way to the quantum part of the partition function. If it so happens that a string theory
contains only a finite number of target space particles, no worldsheet oscillators exist, and the
mathematical identities may acquire some physical reality. In the next section we discuss one
such case.
5.2 Worldsheet/Target-Space Duality of N = 2 Strings
Symplectic structures emerged in considering worldsheet/target-space duality in the case when
the target space was flat. A similar structure was considered also in a case of non-flat back-
grounds [241]. The setting is a theory with local N = 2 worldsheet supersymmetry [1]. Gauge
fixing in such theories leads to the following ghost systems: one associated with general coordi-
nate invariance which contributes −26 units to the central charge c, two associated with the two
local supersymmetries, contributing c = 22, and one associated with a U(1) gauge symmetry,
contributing c = −2. All in all the matter system needs to contribute c = 6 to arrange for the
cancellation of the total central charge. A system of four bosonic coordinates and four fermions
has the required central charge. The reason that this four dimensional system has not been the
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prime candidate for a string background is that N = 2 supersymmetry requires that the space
has either a (4,0) or a (2,2) signature.
In the (2,2) signature the model is still rather interesting. We will just state a few of its
features. The target space spectrum of this model consists of only a single massless scalar
particle46. This particle is associated with a deformation of the Ka¨hler structure of the target
space. Furthermore, this model does not contain any oscillators: its partition function consists
purely of what was called the classical part in the previous section. It is thus an interesting
system for checking the physical realization of mathematical identities of the type discussed
above.
It is suggested [241] to consider as the target space of this model a Ricci-flat Ka¨hler manifold
constructed by associating to a given Riemann surface a 4-dimensional symplectic space, called
“the cotangent bundle of the Riemann surface.” A cotangent space to a given manifold of
dimension d is a 2d-dimensional space. The extra d-dimensional variables can be considered as
the conjugate momenta to the original coordinates, with all the extra structure a phase space
entails. The target space itself has also moduli; it has an equal number of complex-deformation
moduli and Ka¨hler-class moduli. Thus, structurewise, there appears a threefold similarity in the
case the “target space genus” equals the genus g of the worldsheet. The similarity is between the
given worldsheet moduli, the complex-structure moduli of the target space, and the Ka¨hler-class
moduli of the target space. For a genus-one case the partition function is known and is triality
symmetric under interchanges among all three moduli. It is conjectured [241] that the triality
is a general property of the theory.
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Table 1: Summary of Target Space Duality in Different Settings
Background The moduli-generating group G The moduli space M The duality group Gd Remarks
d-dim Z2 is the
toroidal O(d, d,R)
O(d,d,R)
O(d,R)×O(d,R)
O(d, d,Z)⊗S Z2 worldsheet
backgrounds parity
D = 4 N = 4
toroidal O(6, 22,R)
O(6,22,R)
O(6,R)×O(22,R)
O(6, 22,Z)⊗S Z2 D = 4
heterotic SUSY
D = 4 M = K ×Q untwisted
ZN ⊂ SU(2) K=Ka¨hler manifold sector
orbifolds Q= quaternionic manifold
N = 2
Z2 O(2, 2,R) ×O(4, 4,R) O(2,2,R)
O(2,R)×O(2,R)
× O(4,4,R)
O(4,R)×O(4,R)
O(2, 2,Z)× O(4, 4,Z) D = 4
SUSY.
Z3,Z4,Z6 O(2, 2,R) ×O(2, 4,R) O(2,2,R)
O(2,R)×O(2,R)
× O(2,4,R)
O(2,R)×O(4,R)
O(2, 2,Z)× O(2, 4,Z) Submoduli
of T 2 ×K3
T 2 ×K3 O(2, 2,R)×O(4, 20,R) O(2,2,R)
O(2,R)×O(2,R)
× O(4,20,R)
O(4,R)×O(20,R)
O(2, 2,Z)× O(4, 20,Z) conjectured
ZN ⊂ SU(3) untwisted
orbifolds sector
Z3 SU(3, 3,R)
SU(3,3,R)
U(1)×SU(3,R)×SU(3,R)
SU(3, 3,Z) N = 1
D = 4
Z6 SU(2, 2,R) × SU(1, 1,R) SU(2,2,R)
U(1)×SU(2,R)×SU(2,R)
× SU(1,1,R)
U(1)
SU(2, 2,Z)× SU(1, 1,Z) SUSY.
Z7,Z8,Z12 SU(1, 1,R)3
(
SU(1,1,R)
U(1)
)3
SU(1, 1,Z)3 Submoduli
of CY
Z4 SU(2, 2,R)× O(2, 2,R) SU(2,2,R)
U(1)×SU(2,R)×SU(2,R)
× O(2,2,R)
O(2,R)×O(2,R)
SU(2, 2,Z)×O(2, 2,Z) spaces
Z6′ ,Z8′ ,Z12′ SU(1, 1,R)
2 ×O(2, 2,R)
(
SU(1,1,R)
U(1)
)2
× O(2,2,R)
O(2,R)×O(2,R)
SU(1, 1,Z)×O(2, 2,Z)
Calabi-Yau it does not exist in general special Ka¨hler manifold, mirror symmetry and
spaces M =M(1,1) ×M(2,1), monodromy group,
unknown in general unknown in general
Curved axial-vector
backgrounds O(d, d,R)
O(d,d,R)
H
O(d, d,Z) duality
with U(1)d is in Gd
symmetries O(d,R)diag ⊆ H ⊆ O(d,R)×O(d,R)
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FIGURE CAPTIONS
1.A: A string cannot tell if it is moving on circle (a) or circle (b).
1.B: Every point in the shaded region corresponds to an allowed string background. Points
(a),(b),(c) correspond to isolated single backgrounds.
1.C: The line describes the space of compactifications on a circle of radius Rc. Arrows connect
physically equivalent points related by duality.
1.D: An orbicircle obtained from a circle by identifying X with −X.
1.E: From the point of view of a string, a circle (at a special radius) is equivalent to an orbifold
(at another special radius).
1.F: String propagation on (a), the semi-infinite cigar, is equivalent to propagation on (b), the
infinite trumpet.
2.A: Genus-g Riemann surface with cycles a, b.
2.B: The ρ = τ slice of the fundamental domain of 2-d toroidal backgrounds. The points (a)
and (b) are the enhanced symmetry points SU(2)2 and SU(3), respectively. The shaded
region takes into account also the B → −B symmetry.
3.A: The c = 1 moduli space. Arrows connect physically equivalent points related by duality.
The self-dual point, Rc = 1, possesses an enhanced SU(2)L × SU(2)R affine symmetry.
The self-dual point, Ro = 1, possesses an enhanced U(1)L × U(1)R affine symmetry; it is
equivalent to Rc = 2
√
2.
4.A: The maximal extension of the black hole solution in Kruskal coordinates.
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